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Deterministic gravity modelling of given distributions
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ത𝑃𝑛,𝑚(𝑐𝑜𝑠𝜃) ҧ𝐶𝑛,𝑚 cos 𝑚𝜆 + ҧ𝑆𝑛,𝑚 sin 𝑚𝜆

Analytical Solution  

Numerical Solution  

Closed expressions including
transcendental functions
(𝑠𝑖𝑛 𝑥 , 𝑐𝑜𝑠 𝑥 , 𝑥, 𝑙𝑛𝑥, … )
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Existence of shape uncertainties

Direct link between shape and gravity variations

𝛿𝑥, 𝛿𝑦, 𝛿𝑧 → 𝛿 ҧ𝐶𝑛,𝑚, 𝛿 ҧ𝑆𝑛,𝑚 → 𝛿𝑉

Two stochastic realization 
of asteroid Didymos
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Theoretical Background
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ത𝑃𝑛,𝑚 𝑐𝑜𝑠𝜃 ҧ𝐶𝑛,𝑚 cos 𝑚𝜆 + ҧ𝑆𝑛,𝑚 sin 𝑚𝜆

Coefficient variability 
estimation

Spherical harmonic 
synthesis

𝛿𝑥, 𝛿𝑦, 𝛿𝑧 → 𝛿 ҧ𝐶𝑛,𝑚, 𝛿 ҧ𝑆𝑛,𝑚, 𝛿𝑈 → 𝛿𝑉
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Propagation Procedure
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Gavriilidou and Tsoulis (2024) International Association of Geodesy Symposia 157 
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* Remain constant for each shape model 

Uncertainty propagation law:

𝐂 = (𝑥1, 𝑦1, 𝑧1, 𝑥2, 𝑦2, 𝑧2, … , 𝑥max, 𝑦max, 𝑧max)⊺
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Role of Stochastic Model Selection

o Covariance matrix 𝐏𝐂 includes all the uncertainty information
o Included stochastic parameters: covariance σ2 and correlation length l

σ = 1 km, l = 10 km

Gravitational Potential
Gaussian

Gaussian – Inv. Multiquadric Gaussian – Exponential

Gavriilidou and Tsoulis D (2025) GEM - International Journal on Geomathematics 16, 15



Page 7Stochastic gravity modelling of finite distributions, XI Hotine-Marussi Symposium, Genoa, Italy, September 7-11, 2026

Extension to First Order Derivatives

Gavriilidou and Tsoulis (2025a) Journal of Geodesy 99, 22

Variations for Didymos at r = 0.45 km, using σ = 0.01 km and l = 1 km.
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Extension to Second Order Derivatives

Eros

Didymos

Gavriilidou and Tsoulis (2025b) Journal of Geodesy 99, 16
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Geodetic Time Variable Phenomena

Deterministic Approach

Stochastic Approach

{𝑥, 𝑦, 𝑧}𝑡 → 𝑉𝑡

Δ𝑥, Δ𝑦, Δ𝑧  →  Δ𝑉

Glacier surface in 2016 Glacier surface receding 
between 2009 – 2016

Tsoulis and Gavriilidou (2026) Surveys in Geophysics
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Role of Brillouin Sphere

Gavriilidou and Tsoulis (2026) International Association of Geodesy Symposia 158
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Terrain Modelling

V

Vz

10 cm                                                      1 m

Tsoulis and Gavriilidou (2026) Journal of Geodesy 100, 76 
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Conclusions – Future Work

o A flexible tool to link shape variations with gravity changes

o Modelling of mass transport and time-varying gravity fields

o Accuracy close to analytical solutions

o Rigorous representation of shape changes

o Model global gravity signals

o Evaluate the uncertainty in shape information
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  V = G 𝜌   ∭ U     1 l d U  


  V  ( r , 𝜃 , 𝜆 ) =   G M r   ∑  n = 0  + ∞     (  a r ) n   ∑  m = 0 n     P -  n , m ( c o s 𝜃 )  [    C -  n , m  cos ⁡   ( m 𝜆 ) +    S -  n , m  sin ⁡   ( m 𝜆 ) ]


  (   s i n ⁡   ( x ) ,   c o s ⁡   ( x ) ,  x ,   l n x , … )


  𝛿 x ,   𝛿 y ,   𝛿 z     →     𝛿    C -  n , m ,   𝛿    S -  n , m     →     𝛿 V


  V  ( r , 𝜃 , 𝜆 ) =   G 𝜌 U r  { 1 +   ∑  n = 1 N     (  a r ) n   ∑  m = 0 n     P -  n , m  ( c o s 𝜃 )  [    C -  n , m  cos ⁡   ( m 𝜆 ) +    S -  n , m  sin ⁡   ( m 𝜆 ) ] }


  𝛿 x ,   𝛿 y ,   𝛿 z           →           𝛿    C -  n , m ,   𝛿    S -  n , m ,   𝛿 U           →           𝛿 V


   P V   =     𝜕 V  𝜕 𝐂    𝐏 𝐂    (   𝜕 V  𝜕 𝐂 ) ⊺


   P V   =  𝜎 V 2 =   | 𝛿 V | 2


  V =   G 𝜌 U r    𝚷 - ⊺  𝚽 -


   [   𝜕 V  𝜕 𝐂 ] =   G 𝜌 r  [    𝚷 - ⊺  𝚽 -   𝜕 U  𝜕 𝐂 + U    𝚷 - ⊺   𝜕  𝚽 -  𝜕 𝐂 ]


  𝐂 =   (  x 1 ,  y 1 ,  z 1 ,  x 2 ,  y 2 ,  z 2 ,   … ,  x max ,  y max ,  z max ) ⊺


   𝚽 - =   (    𝚽 -  0 , 0          𝚽 -  1 , 0          𝚽 -  1 , 1       …          𝚽 -  N , N − 1          𝚽 -  N , N ) ⊺


     𝚽 -  n , m =   (    C -  n m        S -  n m ) ⊺


   𝐏 𝐂


    { x ,   y ,   z } t       →        V t


   { Δ x ,   Δ y ,   Δ z }       →       Δ V

