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DIA Framework

Observation model: y=Axr+ecR™, e~N(0,Qy)
Null hypothesis: Ho : E(y) = Ax
Alternative hypotheses: H;: E(y) = Az +C;b;, i€{l,...,N}

Misclosure vector: t= BTQ eR", B'A=0, Qu=B'Q,B
4 Detection: N " Identification: ) 4 Adaptation: N
Ist € Py? or not? t ¢ Py Which P;? T, =2y — Lt
_ﬁ ﬁ
Choose H; if t € P;
- / \_ / \_ /

*EEPO

Accept Ho
use I
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Traditional Identification

Test statistic: = ||b; (¢ )”Qb . % x%(q;,0)

Identification step: i = CDF,2(,..0) [T
entification step 7 argjegllfl’?j%N}( x2(q;,0) [—J])

Adaptation: & =&y — ATCibi (1)
Lit
4 ) 4 )
v"  Handles any degrees of freedom X Limited by the list
No restriction on g; Hi,Ho, ..., HN
must be written in advance
- / - /
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Identifier-Constraints: Key Idea

/ Define a fault library once:

~

k
C=[Cy,...,Ch] ER™ 9, q=) g
j=1

€.8. C'= [Imy C'ionoy Ctropo}

\_

/ Identifier and activation matrix:

/
~

20 =929 e {0,1}*
7, = blkdiag (71, .., 201, )

~

/ One fault library, many hypotheses
> H;: E(y) =Az+CZbwithie{l,...,N}

» (' — fault library; Z; — activation matrix

» N < 2F —1 from k signatures,

\_

%
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k combinations need no new candidate

/
~

ﬁi‘;xample: one vector, one hypothesis

Signature | C;y Cy, C3 Cy Cs5 Cg
Identifier z | 0 1 1 0 1 0
Status of on on off on off

Selected active model: E(y) = Ax + C2b2 + C3b3 + Cxbs

zy) =0= by) =0 zj(.i) =1= b;i) is estimated
kInactive = (C'; discarded Active = C; included /




Identification as Estimation

After Detection (¢t ¢ Py) — estimate active pattern and bias vector jointly:

Z(t),b(t)) = arg min t— BTCZb|%),, + Z;
(2(8),b(0) = e, _min_ ||l -BTOZHIG, +  pZ)
beR? | goodness of fit dimension penalty |

subject to z](-i) =0= bg-i) = 0, zﬁi) € {0,1} (trivial)

+ non-trivial identifier constraints

%
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Identification as Estimation

After Detection (t ¢ Py) — estimate active pattern and bias vector jointly:

Z(t),b(t)) = arg min t— BTCZb|%),, + Z;
( ®), (_)) gie{l ..... N} U_ — ”Qt’i \p( ,_/)
beR? | goodness of fit dimension penalty |

subject to z](-i) =0= bg-i) = 0, z§i) € {0,1} (trivial)

+ non-trivial identifier constraints

» Corresponding adaptation: z = 2, — A" CZ(t)b(1)

» Distribution: fz(x) = i\s E[fz,(x+ATCZ(1)b(L)) 1p,(t)]

%
TUDelft 5



Non-Trivial ldentifier-Constraints

-

Capacity
k
Z <jq; < Qmax < T
j=1

At most quax bias

~

parameters at once, and
Qmax < T since t € R"

"

/

Rank

4 N

k
rank(BTCZ) = Y zjq;
j=1

Identifier constraints can
be written for

estimability and
separability

\ /

Physical

4 N

e.g. two tropospheric
gradients form one
physical quantity, they
enter together only when

ZN = 2E < 27TD

zenith delay does

|

Non-trivial identifier constraints define admissible set Z C {0,1}*
each z € Z is one alternative hypothesis H;, so N = |Z|

1

%
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Ss3

i

Stations S;
Receiver Sg

700 -
650 -
£ 600 -
o
g
=
-+
S 550 4
=
500 -
450 - S5
300

5 ranges observed from Sy to 51, .., S5 with 0 =5 mm

%
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350

400 450
Easting [m]

500

550

p
» Model:

m = 5 ranges, n = 2 coordinates, redundancy r = 3
N
-

» Fault library:

C = [Ci,...,C5] = I, one outlier per range, ¢; = 1
N

-

Collinearity of 55 — SO — S4 — rank(BT [Cl, CQ, 03]) =2

» Identifier constraints:

1. Capacity
2. Rank




Example: Capacity-only

» Under null hypothesis Hy:

5
g <1 :
e J.; 45 = Datasnooping
N =5
+550.0
0.04 Xs
X4
- 0.02 Py &y
— )?3 A
2 — P3 — X
Correct acceptance £ 0.00 tc 3 77 43
S % — P2 —
=
-0.02 .
X1 — P1— 1
~0.04 . — Py — I,
0

-0.04 -0.02 0.00 0.02 0.04
Easting [m] +376.0
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Example: Capacity-only

» Under null hypothesis Hy:

5
: <1 .
IC: J.; % = Datasnooping
N=5
+550.0
X b,‘(olHo x
0.04 s, s | i A
54 N % PE) % £5
\ .
. 0.02 . — Py — 24
— / '
o - — P3 — Iy
False alarm due to H; (S1) < 0.00 A tc A
X
§ \ 2 — PQ — QQ
-0.02 7 2
S )%1
~0.04 . — Po —
0

-0.04 -0.02 0.00 0.02 0.04
Easting [m] +376.0
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Example: Capacity-only

» Under null hypothesis Hy:

5
e: E 2 < 1 Datasnooping
N =5
+550.0 | |
0.04 Xs
2 — 7)5 — 25
4
- 0.02 Py i
S . )
False alarm due to Hsy (.S2) g 0.00 te — Ps — 23
2 X2 L Py — CACQ
-0.02 . P o 2,
~0.04 . — Po —
0

-0.04 -0.02 0.00 0.02 0.04
Easting [m] +376.0
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Example: Capacity-only

» Under null hypothesis Hy:

5
: <1 .
IC: J.; % = Datasnooping
N =5
+550.0
X bx,
0.04 53 | m— IHO | -
54 N % PE) % £5
\ .
002 . — Py — 2y
E. / X3
o
False alarm due to Hsz (53) E 0.00 tc
o) )?2 — PQ — 22
- -0.02 \52 D A
. / % — P
~0.04 . — Po —
0

-0.04 -0.02 0.00 0.02 0.04
Easting [m] +376.0

%
TUDelft 9



Example: Capacity-only

» Under null hypothesis Hy:

False alarm due to H4 (S4)

%
TUDelft

Northing [m]

+550.0

0.04

0.02

0.00

-0.02

-0.04

-0.04 -0.02 0.00
Easting [m]

0.02 0.04
+376.0

X1

Xo

—— Py — 24

— Pz — 25
— Pa — Iy
— P1 — x4



Example: Capacity-only

» Under null hypothesis Hy:

5
: <1 .
IC: J.; % = Datasnooping
N=5
+550.0
X b,‘(olHo x
0.04 5 35 5
\ | “
/ . .
- 0.02 ) — Py — 24
— / '
o - — P3 — @5
False alarm due to Hs (S5) < 0.00 tc
S %2 — Py = 2
pra \S 2 =2
-0.02 2 5
S / “ — P1 — 2,
~0.04 . — Po —
0

-0.04 -0.02 0.00 0.02 0.04
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Example: Capacity-only

» Under null hypothesis Hy:

5
IC: Y z; <1
N s N
_ . Jj=1 5 NT.
T = _Zozz-]lm (1) N =5 fz(x)= Z%E |fa,(x+ATCZ(t)b(2)) Lp,(t)]
= =
l ; ~
+550.0 [ | . +550.0 PDF of x|Hg
) Datasnooping | | 10000
0.04 5 0.04 X bg|Ho |
' S5 3 5.
\ A
0.02
,E. .g 0.02 s 2000
= E —
£ 0.00 £ 0.00 10003
-‘E . < a
= e ;3 . 500
~0.02 -0.02 52
X1 200
—0.04
—0.04 % 100
75
—0.04 -002 000 002 0.04 —0.04 ‘O'OE 3'00[ ]°'°2 0'01376 .
Easting [m] +376.0 asting [m :

TUDelft P(z ¢ B, | Ho) = 5.0% —— Radius of B, = 8.6 mm 10




Example: Capacity-only

on S4 and 30 mm on Ss

Datasnooping

+550.0
| |
0.04 s
X4
0.02 -
= X ~
£ 0.00 3 — P3 = I3
Missed detection Z tc
o X2 — PQ — .%2
S x
-0.02 -
4 — P1 — 24
~0.04 . — Py — I,
0

-0.04 -0.02 0.00 0.02 0.04
Easting [m] +376.0
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Example: Capacity-only

Wrong identification due to Hy (S)

%
TUDelft

Northing [m]

+550.0
| |
0.04 X Dioltas
: S5 — 5.
\ :
0.02 /
51
/
0.00 )4
-0.02 / 52
Ss
-0.04
-0.04 -0.02 0.00 0.02 0.04
Easting [m] +376.0

X1

Xo

_>P4_>i4
— Pz — 25

— Pa — Iy
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Example: Capacity-only

+550.0
X b)?nglS X5
0.04 s, 5 | X
54 N % PE) % &5
\ | 2
002 . — Py — 2y
E. / X3 A
. . . g, 0.00 — P3 — &3
Wrong identification due to Ha (S2) € S
£ [ - SN
=2 \ -
-0.02 2 -
. / % — P1 =
~0.04 . — Po —
0

-0.04 -0.02 0.00 0.02 0.04
Easting [m] +376.0
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Example: Capacity-only

Wrong identification due to Hs (S3)

%
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Northing [m]

+550.0
| |
0.04 X Dioltas
: S5 — 5.
\ )
0.02 /
51
/
0.00 )4
-0.02 / 52
Ss
-0.04
-0.04 -0.02 0.00 0.02 0.04
Easting [m] +376.0
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Xo
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— Pa — Iy

— P1 — x4
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Example: Capacity-only

Wrong identification due to H4 (S4)

%
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Northing [m]

0.02

0.00

-0.02

-0.04

-0.04 -0.02 0.00
Easting [m]

0.02 0.04
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Example: Capacity-only

Wrong identification due to Hs (S5)

%
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Northing [m]

+550.0
| |
0.04 X Dioltas
: S5 — 5.
\ )
0.02 /
51
/
0.00 )4
-0.02 / 52
Ss
-0.04
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Example: Capacity-only

outliers of —30 mm on Ss and 30 mm on Sk

5
1C: Z z; <1
N & N
— N j=1 _
=2 &le N=5 fal@) = LB, (2+ATCZ(D(D) 17, (1)
1= i—
L J _
s . | Lo +550.0 PDF of x|H1s
X by |His 2 Datasnooping ‘ ‘ 10000
—— > X by |M
0.04 . — 0.04 %[ H1s |
3 s 3 5,
Sa X -
/ g \
_ 0.02 :;,,:’::_ . 002 -
‘E' i ‘}’-/’ & )?3 .g. 51
o N o
= 0.00 NV £ 0.00 1000 =
§ . = a
= %2 B 500
= N = ~
—002 / 52 _002 / 52
Ss X Ss 200
—-0.04 R -0.04 .
o 75
-0.04 -0.02 0.00 0.02 0.04 —-0.04 —0-0TE tQ.OO[ ]0.02 o.ozjr376 .
Easting [m] +376.0 asting [m :

TUDelft P(z ¢ B, | Hi5) = 99.3% 12




Table: Testing Probabilities

» Under Hy:

Po P Pa Ps3 Py Ps
P(teP; | Ho) [%] 9489 1.14 0.97 0.88 1.03 1.08

» Under His:

Po Pr Po Ps Py Ps
P(t € P; | His) [%] 0.89 66.76 0.00 26.08 3.12 3.12

%
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removes

Example: Capacity + Rank

» Under null hypothesis Hg:

due to
5 non-separability
ICZ sz§2andz1+z2—|—z3§1
j=1
: N =12
+550.0 — iHo - .):(.1.5.-- . 7)15 N @15
0.04 S, — on ] X1a — P14 — %14
X13 — P13 — 213
0.02 Sl b — P12 = Z19
€ [{(” — P11 — ill
> [ X0 — P9 — Z4
Correct acceptance é 0.00 lxa te — Py — 28
2 [: — Py — @5
—-0.02 2, — Py — %4
B <. — Ps — 24
-0.04 [ %, — P2 — Iy
| [)‘(0 — P11 — il
-0.04 -0.02 0.00  0.02  0.04 s Py — iO
% Easting [m] +376.0
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Example: Capacity + Rank

» Under null hypothesis Hg:

due to
5 non-separability
ICZ ZZj §2and Z1—|-Z2-|—Z3 S 1
Jj=1
N =12
+550.0 S A
‘ fas — P15 = I35
X b,‘(olHo . P >
0.04 S, 3 s, a X14 — 14 — %14
Sa X13 — PlS — L3
0.02 \ / _)?12 + — P12 — £12
E S [)?11 — P]_l — ill
False alarm due to H; (S1) = 0.00 M ¥t — Pg — g
g l:)fs — P5 — 25
x A
-0.02 7 = _; — Ps — Iy
3 A
S5 [)?2 — P3 — %3
-0.04 [ %, — Pa — X4
T )?0
-0.04 -0.02 q.OO 0.02 0.04 — PO — io
Easting [m] +376.0
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Example: Capacity + Rank

» Under null hypothesis Hg:

due to

5 non-separability

1C: sz§2andz1+z2—|—z3§1

j=1
: N =12
+550.0 | - .):(.1.5.-- . 7)15 N 215
X bi|Ho ~
0.04 < 3 s, a X14 — P14 — %14
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False alarm due to Hsy (S2) é 0.00 lxa t e — Pg — g
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TUDelft 13



()
removes

Example: Capacity + Rank

» Under null hypothesis Hg:

due to
5 non-separability
ICZ ZZj §2and Z1—|-Z2-|—Z3 S 1
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Example: Capacity + Rank

» Under null hypothesis Hg:

due to

5 non-separability
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Example: Capacity + Rank

» Under null hypothesis Hg:

due to
5 non-separability
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Example: Capacity + Rank

» Under null hypothesis Hg:

due to
5 non-separability
ICZ sz§2andz1+z2—|—z3§1
j=1
N =12
+550.0 A
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0.04 — P14 — X4
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Example: Capacity + Rank

» Under null hypothesis Hy:

due to
5 non-separability
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Example: Capacity + Rank

» Under null hypothesis Hg:

due to
5 non-separability
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Example: Capacity + Rank

» Under null hypothesis Hg:

due to
5 non-separability
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Example: Capacity + Rank

» Under null hypothesis Hy:

due to
5 non-separability
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Example: Capacity + Rank

» Under null hypothesis Hy:

due to

5 non-separability
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Example: Capacity + Rank

» Under null hypothesis Hg:

due to
5 non-separability
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Example: Capacity + Rank removes
» Under null hypothesis Hy:

due to
5 non-separability
ICZ sz§2andz1+z2—|—z3§1
: N -
N =192 fz(x)= Z%E \fz, (x+AYCZ(t)b(2)) 1p, (1))
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TUDelft P(z ¢ B, | Ho) = 5.8% )
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Example: Capacity + Rank

> outliers of —30 mm on Ss and 30 mm on Sk due to
5 non-separability
ICZ ZngzandZ1+Z2-|—Z3§1
j=1
: N =12
+550.0 | | . P — 215
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0.02 248 N b — P12 = 212
T " ) ):(” — P11 — ill
o X — P9 — Z4
Missed detection E 0.00 Xa te — Pg — 28
2 i P o &
—-0.02 2, — Py — %4
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-0.04 -0.02 0.00  0.02  0.04 v Py — iO
% Easting [m] +376.0
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Example: Capacity + Rank

> outliers of —30 mm on Ss and 30 mm on Sk due to
5 non-separability
1C: ZZj §2and Z1 + 22 + 23 < 1
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N =12
+550.0 e .
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Example: Capacity + Rank removes

> outliers of —30 mm on S; and 30 mm on S5 due to
5 non-separability
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removes

Table: Testing Probabilities

due to
5 non-separability

ICZ sz§2andz1+z2—|—z3§1
j=1
N =12

» Under Hy:

Po P1 P2 Pz Ps Ps Ps Pog Pii Piz Pis Pia Pis
P(§€P¢|’H0) [%] 94.89 0.70 0.54 0.55 0.57 0.59 0.28 0.23 0.29 0.29 0.27 0.31 047

» Under His:

Po P11 P2 Ps Psa Ps Ps Po P11 Piz Piz Pia Pis
P(t€P; | His) [%] 0.89 8.89 0.00 2.39 0.06 0.07 1.66 1.67 0.00 0.00 1.20 1.13 82.02

%
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Conclusion

-~

-

1. Detection: is t € Py? or not?

2. Identification: (Z(t),b(¢)) = arg. min (||t — BTC'Zin%tt + p(Z;)]

e{1,...,N}

subject to identifier constraints

3. Adaptation: Z = 2, — ATCZ(t)b(t)

N

4. DIA-estimator: T= %iﬂlpi t), fz(x)=2E|fs, (z+ATCZ(t)b(t)) 1, (z&

~

%
TUDelft
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Conclusion

“]

1. Detection: is t € Py? or not?

2. Identification: (Z(t),b(t)) = arg {IlninN} It = BTCZbl3,, + p(Zs)]
1€e1,...,
bER?

subject to identifier constraints

3. Adaptation: Z = 2, — ATCZ(t)b(t)
N

4. DIA-estimator: z= %iﬂlpi t), fz(x)=2E|fs, (z+ATCZ(t)b(t)) 1, (%

~

\_

v Flexible: one library C' generates every H;, single and combined

v Automatic: solver searches Z by branching, combinations are never listed

v Scalable: a new fault is one more C;, a new restriction one more constraint
v/ Direct: identified pattern Z(t) prescribes the adaptation

v Complete: full distribution of Z, and probabilities of every testing decision

~

/

TUDelft
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More math:

]
T U D e I ft DIA-estimator:

(Teunissen, 2018)

Thank you
for your attention!
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Impact of Testing on the DIA-estimator

Reality
Decision Ho T Tt
Ho: t € Po
Hl T € P1
Ho : t € Py
Hy : t € Py
CA: Correct Acceptance
Cl;: Correct Identification under H;
FA;: False Alarm due to H;
P MD,: Missed Detection under H;
TU Delft WI,; ;: Wrong Identification under H; due to H;
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Impact of Testing on the DIA-estimator

» What if the true hypothesis is missing? ﬂ
Reality
Decision Ho Hi Ho . HN HN+1
Ho: t e Py
H,:te Py
Ho : t € Ps
Hy : t € Py

CA: Correct Acceptance
CI;: Correct Identification under H;

FA;: False Alarm due to H;
P MD;: Missed Detection under H;
TU Delft WI,; ;: Wrong Identification under H; due to H; 23



Adding a Sixth Station
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Northing [m]

500

450

400 A
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Stations S,
Receiver Sy

p
» Model:

-

m = 6 ranges, n = 2 coordinates, redundancy r = 4

-

550 A

Easting [m]

» Fault library:
C=|[C4,..,C5] €R%®, one outlier per range except Sg
y

Se¢ adds redundancy, not a candidate
— rank(B'[C1,Cs,C5]) = 3 (not 2!)




Adding a Sixth Station

» Under null hypothesis Hy:

Correct acceptance
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Adding a Sixth Station

» Under null hypothesis Hy:

False alarm due to H; (S1)

%
TUDelft

Northing [m]

5
1C- Z Z; < 2
j=1
N =15
+550.0
| ]
0.04 X DlHo
' s, 1 5.
\ )
0.02 /
5
/
0.00
-0.02 / 52
55
—0.04 S5
-0.04 -0.02 0.00 0.02 0.04
Easting [m]

+376.0

— P1o — im

— P7
— PG
— P15
— P14
— P13
— Plg
— 7311
— Pg
— Pg
— P5
— 774
— P3
— PQ

— Po

%

Lollllidd

N
~



Adding a Sixth Station

» Under null hypothesis Hy:

False alarm due to Hy (52)
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Adding a Sixth Station

» Under null hypothesis Hy:

False alarm due to Hsz (53)
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Adding a Sixth Station

» Under null hypothesis Hy:

False alarm due to H4 (S4)
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Adding a Sixth Station

» Under null hypothesis Hy:

False alarm due to Hs (S5)
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Adding a Sixth Station

» Under null hypothesis Hy:

False alarm due to Hg (S1,54)
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Adding a Sixth Station

» Under null hypothesis Hy:

False alarm due to Hg (S1,S5)
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Adding a Sixth Station

» Under null hypothesis Hy:

False alarm due to H1; (S2,S4)
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Adding a Sixth Station

» Under null hypothesis Hy:

False alarm due to Hio (S2,S5)
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Adding a Sixth Station

» Under null hypothesis Hy:

False alarm due to Hi3 (S3,S54)
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Adding a Sixth Station

» Under null hypothesis Hy:

False alarm due to Hi4 (S3,S5)
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Adding a Sixth Station

» Under null hypothesis Hy:
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Adding a Sixth Station

» Under null hypothesis Hy:
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Adding a Sixth Station

» Under null hypothesis Hy:

False alarm due to H7 (S1,S3)
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Adding a Sixth Station

» Under null hypothesis Hy:

False alarm due to Hig (S2,S3)
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» Under null hypothesis Hy:
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Missed detection
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Wrong identification due to H1 (S7)
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Wrong identification due to Hs (S)
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Wrong identification due to Hs (S3)
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Wrong identification due to H4 (S4)
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Wrong identification due to Hs (S5)
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Wrong identification due to Hg (S, S4)
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Wrong identification due to Hg (51, S5)
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Wrong identification due to H11 (Sa, S4)
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Wrong identification due to H1s (Sa, Ss)
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Wrong identification due to H13 (S3, S4)
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Wrong identification due to H14 (S3, Ss5)
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Correct identification due to His (S4, S5)
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Wrong identification due to Hg (S1, S2)
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Wrong identification due to Hr7 (S1, S3)
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Wrong identification due to Hig (S2, S3)
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outliers of —30 mm on Ss and 30 mm on Ss
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1C- ZZJ < 2
j=1
N =15

» Under Hy:

Po P11 P2 Pz Ps Ps Pe Pr Ps Pog Pio

P11 Piz Piz Pia Pis

P(t e P; | Ho) [%] 94.98 0.25 0.28 0.25 0.35 0.33 0.22 0.34 0.33 0.28 0.50

0.32 0.27 0.46 0.46 0.38

» Under His:

Po P1 P2 P33 Pa Ps Pe Pz Ps Po Pio

P11 P12 Pis Pia  Pis

P(t e P; | Hi15) (%] 0.16 0.40 0.00 0.00 0.03 0.02 17.46 0.10 0.58 0.55 0.00

0.05 0.04 0.04 0.04 80.54
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