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Overview

• Review of the EIV-Model with singular cofactor matrices (Snow, 2012)

• Algorithm A or WTLS-EIV04 (resp. Alg. 1 of Snow, 2012)

• Algorithm B or WTLS-EIV-02 (resp. Alg. 3 of Snow, 2012)

• Algorithm D as a generalization of Mahboub (2012) and Schaffrin (2015)

• Review of the Gauss-Helmert Model as applied to the EIV-Model (Deming, 1931, 1934); Algorithm
LESS-GHM and the Neitzel-Schaffrin condition (2016)

• Review of the partial EIV-Model with nonzero correlations (Xu et al., 2012)

• Algorithm by Wang et al. (2017), later again published by Han et al. (2020)

• The PEIV-Model as special case of the EIV-Model with singular cofactor matrices (Schaffrin
et al., 2014)

• Application: An EIV-Model for an auto-regressive process of the third order, AR(3)

• Two data sets: Table 5 in Han et al. (2020) and email from Wang (2022).

• Computational efficiency comparisons

• Conclusions
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Review (1/5)

• The EIV-Model with singular cofactor matrices (Snow, 2012; Schaffrin et al., 2014)

• Setup of the EIV-Model:

y = (A− EA)⏞ ⏟⏟ ⏞
n×m

ξ + ey , eA
nm×1

:= vecEA, rkA = m < n,

[︃
ey
eA

]︃
∼ (

[︃
0
0

]︃
, σ2

0Q = σ2
0

⎡⎣ Qy
n×n

QyA

QAy QA
nm×nm

⎤⎦), Q potentially singular.

• Lagrange Target function for TLS-estimates of ξ if Q is nonsingular, Q−1=
[︂
P11 P12
P21 P22

]︂
:

Φ(ey , eA, ξ,λ) := eT
y P11ey + 2eT

y P12eA + eT
A P22eA+

+2λT [︁y − Aξ − ey +
(︁
ξT ⊗ In

)︁
eA

]︁ .
= stationary

• Euler-Lagrange necessary conditions:
1

2

∂Φ

∂ey
= P11ẽy + P12ẽA − λ̂

.
= 0 (1)

1

2

∂Φ

∂ξ
= −AT λ̂+ ẼT

A λ̂
.
= 0 (3)

1

2

∂Φ

∂eA
= P22ẽA + P21ẽy +

(︁
ξ̂ ⊗ In

)︁
λ̂

.
= 0 (2)

1

2

∂Φ

∂λ
= y − Aξ̂ − ẽy +

(︁
ξ̂T ⊗ In

)︁
ẽA

.
= 0 (4)

with ⊗ as Kronecker-Zehfuss product defined by F ⊗ G :=
[︁
fij · G

]︁
.
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Review (2/5)
• Leading to:

(1)& (2) ⇒
[︃
ẽy
ẽA

]︃
=

[︃
Qy QyA

QAy QA

]︃
·
[︃

In
−(ξ̂⊗ In)

]︃
· λ̂ =

[︃
Qy − QyA(ξ̂⊗ In)

QAy − QA(ξ̂⊗ In)

]︃
· λ̂ (5)

(4)
⇒y − Aξ̂ =

[︁
In −(ξ̂T ⊗ In)

]︁[︃ Qy QyA

QAy QA

]︃[︃
In

−(ξ̂⊗ In)

]︃
·λ̂ =: Q1·λ̂ or λ̂ = Q−1

1 (y − Aξ̂) (A3)

wh. Q1 := BQBT (A2), for B :=
[︁
In −(ξ̂T ⊗ In)

]︁⏞ ⏟⏟ ⏞
n×n(m+1)

=B(ξ̂) (A1), with rkB=n (“full row rank”)

• Generalizing Fang’s (2011) TLS solution; Algorithm A or WTLS-EIV04 (Snow, 2012)

(3) ⇒ 0 = (A− ẼA)
T · λ̂ = (A− ẼA)

TQ−1
1

[︁
(y − ẼAξ̂)− (A− ẼA)ξ̂

]︁
⇒

⇒ ξ̂ =
[︁
(A− ẼA)

TQ−1
1 (A− ẼA)

]︁−1 ·
[︁
(A− ẼA)

TQ−1
1 (y − ẼAξ̂)

]︁
(A5)

and:

[︃
ẽy
ẽA

]︃
= Q · BT · λ̂ = Q · BT · Q−1

1 (y − Aξ̂) (A4)

with: σ̂2
0 := (y − Aξ̂)T · λ̂ · (n −m)−1 (A6)

• This TLS solution only requires Q1 to be nonsingular, not Q itself! For the initial approx. ξ̂, the WOLS
estimate ξ̂0 :=(ATQ+

y A)
−1 ·ATQ+

y y may serve, where Q+
y denotes the “pseudo-inverse” of Qy if singular.
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Derivation of the TLS solution (3/5)

• Allowing Q1 to be singular, due to rkBQ < rkB = n; Algorithm B (Snow, 2012): Following Neitzel and
Schaffrin (2016), a unique TLS solution will exist if and only if

rk[BQ |A] = n = rkB; i.e., B with full row rank. (B1)

Both equalities matter, which, however, has been neglected by Hu, Fang, & Zeng (J. of Geodesy 98,
2024:75) in their erroneously claimed “counter examples.”

• Assuming that rk[BQ |A− ẼA] = n holds as well under (B1), we can conclude that

Q3 := Q1 + (A− ẼA)S(A− ẼA)
T (B2)

will be nonsingular for any symmetric, positive-definite matrix S , where

Q3 · λ̂ = (y − Aξ̂) + (A− ẼA)S [(A− ẼA)
T λ̂]⏞ ⏟⏟ ⏞

= 0 due to (3)

= y − Aξ̂ = Q1 · λ̂. (B3)

• Thus, because of (3), 0 = (A− ẼA)
T λ̂ = (A− ẼA)

TQ−1
3

[︁
(y − ẼAξ̂)− (A− ẼA)ξ̂

]︁
⇒

⇒
ξ̂ =

[︁
(A− ẼA)

TQ−1
3 (A− ẼA)

]︁−1·
[︁
(A− ẼA)

TQ−1
3 (y − ẼAξ̂)

]︁
, with[︃

ẽy
ẽA

]︃
= QBT · λ̂ = QBT ·Q−1

3 (y −Aξ̂) (B4), and σ̂2
0 := (y −Aξ̂)T · λ̂ ·(n−m)−1.

(B5)

(B6)
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Review (4/5)
• Modifying Mahboub’s TLS solution (Mahboub, 2012), Algorithm D (Schaffrin, 2015)

(B3) ⇒ ATQ−1
3 (y − Aξ̂) = AT λ̂ =

(3)
ẼT
A λ̂ = vec(λ̂T ẼA) = (Im ⊗ λ̂T )ẽA (D1)

and, by using ẽA from (5),

ATQ−1
3 (y − Aξ̂) = (Im ⊗ λ̂T )

[︁
QAy λ̂− QA(ξ̂ ⊗ λ̂)

]︁
= (Im ⊗ λ̂T )

[︁
QAy λ̂− QA(Im ⊗ λ̂)ξ̂

]︁
(D2)

from which the following equation can be obtained:[︁
ATQ−1

3 A− (Im ⊗ λ̂)TQA(Im ⊗ λ̂)
]︁
ξ̂ = ATQ−1

3 y − (Im ⊗ λ̂)TQAy λ̂ (D3)

Starting with the WOLS solution ξ̂0 := (ATQ+
y A)

−1ATQ+
y y and ẼA := 0, Algorithm D would follow with

(A1) to get B, with (A2) to Q1, then with (B2) to get Q3 if Q1 turned out to be singular, and finally with

(B3) to get λ̂, which would further provide:

• the residual vector via (B4),
• the estimated WTLS parameter vector via (D3), and
• the estimated variance component via (B6), until convergence.

• Note that Algorithm D can, for the first time, tolerate a singular matrix Q1 here by extending it to Q3

while adding a term which requires the choice of a suitable matrix S (just as in the case of algorithm B).
Most likely, it will be possible to apply the same trick to Algorithm A as well.

What is remarkable, however, seems that the exchange of (B5) through (D3) to gather ξ̂ makes algorithm
D, on average, superior to Algorithm B. But why is it so?
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Review (5/5)
• The EIV-Model as nonlinear Gauss-Helmert Model; Algorithm LESS-GHM (Deming, 1931, 1934); by

interpreting the functional part of the EIV-Model as follows:

w
n×1

:= y − Aξ =
[︁
In −(ξT ⊗ In)

]︁ [︃ey
eA

]︃
=: B(ξ) · e, e ∈ Rn(m+1)×1, rkA = m < n,

and by combining it with the stochastic part:

e ∼ (0,Q), QA possibly singular, but Qy not,

the resulting model will be nonlinear and of type Gauss-Helmert. Its typical LESS (= LEast-Squares
Solution) is based on iteratively linearizing the nonlinear function B(ξ); see, e.g., Schaffrin and Snow
(2010), or chapter 4 in Snow (2012), for more details. For instance, by choosing eA := 0 and
ξ̂0 := (ATQ−1

y A)−1ATQ−1
y y , and consequently B0 :=

[︁
In −(ξ̂T

0 ⊗ In)
]︁
and Q0

1 := B0QBT
0 as initial values

along with w0 := y − Aξ̂0, the LESS in the first iteration step would be:

ξ̂1 := [AT (Q0
1 )

−1A]−1AT (Q0
1 )

−1w0, with ẽ1 := QBT
0 · (Q0

1 )
−1w1, where w1 := y − Aξ̂1, etc.

• The inverse will always exist when the sufficient conditions rk[BjQ] = n = rkBj hold. A set of sufficient
and necessary conditions according to Neitzel and Schaffrin (2016) would be

rk
[︁
BjQ A

]︁
= n = rkBj for all iteration cycles j ,

where Bj has to have full row rank. All statements that claim otherwise (such as those of Hu, Fang, &
Zeng, J. of Geodesy, 98, 2004:75) are definitely erroneous.
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The Weighted TLS solution for the Partial EIV-Model—special case

• Model setup with nonrandom elements in matrix A (Xu et al., 2012):

y = (A− EA)⏞ ⏟⏟ ⏞
n×m

ξ + ey = (ξT ⊗ In) · vec(A− EA)⏞ ⏟⏟ ⏞
=:µA

+ey = (ξT ⊗ In) · µA
nm×1

+ ey ,

where µA is split into µA := α+ G · µa and µa := a
t×1

− ea, with the nm × 1 vector α consisting of the

nonrandom elements of A and zeros elsewhere. The t × 1 vector a lists a basis for the random elements,
which, by the given nm × t matrix G , generates all the random elements of A as a combination of a. In
addition, it is assumed that:[︃

ey
ea

]︃
∼ (

[︃
0
0

]︃
, σ2

0Q
′ = σ2

0

⎡⎣Qy
n×n

Qya

Qay Qa
t×t

⎤⎦ = σ2
0

[︃
p′
11 p′

12

p′
21 p′

22

]︃−1

symmetric, positive-definite)

• Lagrange target function for TLS-estimate of ξ:

Φ(µa, ξ):=
[︂[︁

y − (ξT ⊗ In)(α+ Gµa)
]︁T

(a − µa)
T
]︂[︃p′

11 p′
12

p′
21 p′

22

]︃[︃
y − (ξT ⊗ In)(α+ Gµa)

a − µa

]︃
.
=

stationary
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PEIV-Model: WTLS sol. and EIV-Model with singular cofactor matrices

• Euler-Lagrange necessary conditions:

1

2

∂Φ

∂µa
= −GT (ξ̂ ⊗ In)p

′
11

[︁
y − (ξ̂T ⊗ In)(α+ G µ̂a)

]︁
− GT (ξ̂ ⊗ In)p

′
12(a − µ̂a)−

− p′
21

[︁
y − (ξ̂T ⊗ In)(α+ G µ̂a)

]︁
− p′

22(a − µ̂a)
.
= 0 (6)

1

2

∂Φ

∂ξ̂
= etc. (cf. Wang et al., 2017, resp. Han et al., 2020). (7)

Note that Han et al. (2020) independently invented a similar algorithm that provides the same results as
that of Wang et al. (2017) at all iterations, only less efficiently so.

• Model setup with quasi-random elements of matrix A that have zero variances and zero covariances, and
thus turn out to be nonrandom, indeed (Schaffrin, 2015). So, the cofactor matrix QA may be singular,
and the cross-correlations in QyA may be nonzero. Suitable algorithms with reduced “bookkeeping” would
include Algorithms B and D as well as Deming’s Algorithm LESS-GHM, which works with the classical
(nonlinear) Gauss-Helmert Model and its iterative linearization.
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EIV-Model for the auto-regressive process AR(3)

• Application to an auto-regressive process of the third order, AR(3); setting up the EIV-Model, assuming
the collection of n + 3 observations:

y4−e4 = (y3−e3) ·ξ1+ (y2−e2) ·ξ2+ (y1−e1) ·ξ3
...

...
...

...
yn+2−en+2 = (yn+1−en+1) ·ξ1+ (yn−en) ·ξ2+(yn−1−en−1) ·ξ3
yn+3−en+3 = (yn+2−en+2) ·ξ1+(yn+1−en+1) ·ξ2+ (yn−en) ·ξ3

⎫⎪⎪⎪⎬⎪⎪⎪⎭⇒
y = (A−EA) ·ξ+ey

y ∈Rn×1, ξ∈R3×1

where y
n×1

:=
[︁
y4, . . . , yn+3

]︁T
, A
n×3

:=

⎡⎣y3 y4 y5 · · · yn+2

y2 y3 y4 · · · yn+1

y1 y2 y3 · · · yn

⎤⎦T

, similarly ey , EA, & ξ. Moreover,

D{ey} = σ2
0Qy
n×n

, D{eA} = σ2
0 QA
3n×3n

, and C{ey , eA}
n×3n

=

⎡⎢⎢⎢⎣
0 σ2

4 0 0 · · ·
0 0 σ2

5 0 · · ·
0 0 0 σ2

6 · · ·

· · ·
. . . · · ·

⎤⎥⎥⎥⎦
must be defined, too. Here, we let Qy be diagonal and invertible; but QA will not be diagonal, while Q1

will be invertible, so that the use of Q3 may not be necessary, but possible.
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Two datasets for an auto-regressive process of type AR(3)

• Two datasets have been used for the AR(3) EIV-Model

(i) The “Han data” were taken from Table 5 of Han et al. (2020), published in the Survey Review
52(371):126–133 along with an algorithm based on the Partial EIV-Model of Xu et al. (2012).
Unfortunately, this algorithm turned out to be identical in each iteration step with that of Wang
et al. (2017) that had been published — in Chinese language — three years earlier. So, we only
list Wang’s algorithm in our experiments. Note that Qy := In, and similarly QA, resp. QyA.

(ii) A different set of data with n + 3 = 36, the “Wang data” were provided to us by L. Wang in
August 2022 by email. His experiments with this dataset on the basis of a PEIV-Model again
are documented in Wang et al. (2017) using his original algorithm.
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Computational efficiency comparisons (1/4)

• A comparison of the efficiency of the above algorithms, using the WOLSE for initial values.

• by Wang et al. (2017), “Wang’s algorithm”
• by Snow (2012), algorithms A and B
• by Schaffrin et al. (2012), algorithm D
• by Deming (1931, 1934), “Deming’s algorithm”

Alg. ξ̂1 ξ̂2 ξ̂3 TSSR Iter. mod. ck. t [s]

Wang 1.179081 0.041900 -0.214448 12.4197 33 2.0E-20 2.7

A 1.066619 0.376566 -0.436110 12.9746 130 1.8E-19 20.1

B 1.179081 0.041900 -0.214448 12.4197 110 7.8E-20 17.9

D 1.179081 0.041900 -0.214448 12.4197 58 4.5E-28 8.0

Deming 1.066619 0.376566 -0.436110 12.9746 81 7.2E-19 18.0

ξ0 = [0.635059, 0.327809, 0.041087]T , conv. criterion: 1.E-10, t is for 1,000 runs

For Han’s data, the five algorithms provide two different local estimates, TLSE-1 and TLSE-2, with
slightly different TSSR’s, namely 12.4197 for algorithms “Wang,” B, and D; and 12.9746 for algorithms A
and “Deming.” Which of the two estimates might be more plausible?
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Computational efficiency comparisons (2/4)
• Use all 5 algorithms with TLSE-1 & TLSE-2 for init. values; look for unique solutions.

Alg. ξ̂1 ξ̂2 ξ̂3 TSSR Iter. mod. ck. t [s]

Wang 1.179081 0.041900 -0.214448 12.419737 9 4.0E-20 2.2

A 1.179081 0.041900 -0.214448 12.419737 9 5.7E-20 3.1

B 1.179081 0.041900 -0.214448 12.419737 99 1.5E-19 33.6

D 1.179081 0.041900 -0.214448 12.419737 14 7.5E-28 4.1

Deming 1.179081 0.041900 -0.214448 12.419737 38 2.6E-19 15.6

ξ0 = [1.179081, 0.041900,−0.214448]T , conv. criterion: 1.E-10, t is for 1,000 runs

All the TSSR’s-1 and the TLSE’s-1 do coincide; but algorithm B needs exceptionally more time to
converge. The estimate ξ̂2 is awfully small. What could be the reason?

Alg. ξ̂1 ξ̂2 ξ̂3 TSSR Iter. mod. ck. t [s]

Wang 1.066619 0.376566 -0.436110 12.974643 15 6.8E-20 1.30
A 1.066619 0.376566 -0.436110 12.974643 16 1.9E-19 2.61
B 1.066619 0.376566 -0.436110 12.974643 43 1.1E-19 7.41
D 1.066619 0.376566 -0.436110 12.974643 18 5.8E-28 2.63
Deming 1.066619 0.376566 -0.436110 12.974643 75 6.0E-19 18.38

ξ0 = [1.066619, 0.376566,−0.43611]T , conv. criterion: 1.E-10, t is for 1,000 runs
All TSSR’s-2 and TLSE’s-2 coincide with reasonable times. The TLSE-2 looks more meaningful than
TLSE-1 at first sight even though TSSR-2 is slightly bigger.
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Computational efficiency comparisons (3/4)

• Analyzing “Wang’s data,” using WOLS estimates for the initial values

Alg. ξ̂1 ξ̂2 ξ̂3 TSSR Iter. mod. ck. t [s]

Wang 0.977246 -1.016296 1.042873 37.842832 52 7.4E-21 5.57

A 1.051499 0.575898 -0.619968 34.702215 90 1.0E-19 15.99

B 1.055186 0.864275 -0.911266 32.396447 40 1.5E-19 7.46

D 0.150127 0.718933 0.13483 40.657354 258 5.1E-28 35.53

Deming 1.055186 0.864275 -0.911266 32.396447 24 2.0E-19 5.84

ξ0 = [0.299361, 0.532447, 0.169688]T , conv. criterion: 1.E-10, t is for 1,000 runs

The five algorithms provide four different local estimates, TLSE-1 to TLSE-4, those two with the smallest
TSSR-1 = 32.3964 come from Algorithm B and from Deming’s algorithm, TSSR-2 = 34.7002 from
Algorithm A, TSSR-3 = 37.8428 from Wang’s algorithm, and TSSR-4 = 40.6573 from Algorithm D.
Which of the four estimates might be the most plausible? And why did Algorithm D take so long to
converge?
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Computational efficiency comparisons (3/4 cont’d)
• Analyzing “Wang’s data,” using TLSE-1 or TLSE-2 for the initial values:

Alg. ξ̂1 ξ̂2 ξ̂3 TSSR Iter. mod. ck. t [s]

Wang 1.055186 0.864275 -0.911266 32.396447 8 1.4E-20 1.35
A 1.055186 0.864275 -0.911266 32.396447 6 1.8E-19 1.11
B 1.055186 0.864275 -0.911266 32.396447 37 1.8E-19 7.25
D 1.055186 0.864275 -0.911266 32.396447 9 1.1E-26 1.47
Deming 1.055186 0.864275 -0.911266 32.396447 26 2.8E-19 6.12

ξ0 = [1.055186, 0.864275,−0.911266]T , conv. criterion: 1.E-10, t is for 1,000 runs

Alg. ξ̂1 ξ̂2 ξ̂3 TSSR Iter. mod. ck. t [s]

Wang 1.051499 0.575898 -0.619968 34.702215 8 3.7E-20 0.70
A 1.051499 0.575898 -0.619968 34.702215 4 1.8E-19 0.83
B 1.051499 0.575898 -0.619968 34.702215 57 4.1E-20 9.33
D 1.051499 0.575898 -0.619968 34.702215 13 2.9E-27 1.92
Deming 1.051499 0.575898 -0.619968 34.702215 48 4.4E-19 9.83

ξ0 = [1.051499, 0.575898,−0.619968]T , conv. criterion: 1.E-10, t is for 1,000 runs

All the TSSR’s-1 and TLSE’s-1 as well as all the TSSR’s-2 and TLSE’s-2 do coincide; all the algorithms
converge in reasonable time to meaningful estimates. At first sight, TLSE-2 may appear superior to
TLSE-1, but the TSSR-2 is only the second smallest!
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Computational efficiency comparisons (4/4)

• Analyzing “Wang’s data;” using TLSE-3 for the initial values; TLSE-4 seems unlikely to matter:

Alg. ξ̂1 ξ̂2 ξ̂3 TSSR Iter. mod. ck. t [s]

Wang 0.977246 -1.016296 1.042873 37.842832 15 1.5E-20 1.35

A 0.977246 -1.016296 1.042873 37.842832 14 1.2E-19 2.21

B 1.055186 0.864275 -0.911266 32.396447 89 5.8E-20 13.45

D 0.804878 0.051626 0.148681 40.737315 102 3.7E-28 12.78

Deming 0.977246 -1.016296 1.042873 37.842832 38 2.0E-19 7.61

ξ0 = [0.977246,−1.016296, 1.042873]T , conv. criterion: 1.E-10, t is for 1,000 runs

• Three algorithms converge to the same TLSE-3 that served for initial values; but algorithms B and D did
not. In fact, B converged to TSSR-1 and TLSE-1.

• It turns out that only TSSR’s-1 and TSSR’s-2 may serve as meaningful solutions for “Wang’s data.” At
this stage, it cannot be decided whether one solution is superior to the other; but TLSE-3 and TLSE-4
appear unsuitable if we look for the “best choice.”
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Conclusions

• While working with five algorithms to solve a nonlinear system of equations for the best estimates of the
parameters that should most suitably describe an auto-regressive process of type AR(3) — using two
different datasets that have been analyzed before with Total Least-Squares estimation within an
EIV-Model — it became apparent that multiple local optima may result from different algorithms,
depending on the choice of the initial values before iteration.

• In one case (“Wang’s data”) the five algorithms produced four TSSR’s and consequently also four
TLSE’s; with the TSSR’s fluctuating between 32.3964 and 40.6573, it is still difficult to determine if the
best TLSE comes with the smallest TSSR.

• More research is desirable to determine whether some of the algorithms are more reliable than others;
candidates may include algorithms A or D, for instance. It may also be of interest to find out why Snow’s
algorithms A and B oftentimes converge to different TLSE’s, although they handle the same provided
equations, just in different order.
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