The Mixed-Integer Misclosure Test in Spectral Form

- Understanding its Powerfunction Characteristics -

Peter J.G. Teunissen

Delft University of Technology
Department of Geoscience and Remote Sensing
The Netherlands



Mixed-integer model:

IAR-Detector:

[PJG Teunissen (2024) J.Geod.]

Ho : Yy~ j\/m(Aa + B, ny)

vy T+ EIG,,

Quy

é

T =



b e RP

e

Mixed-integer model:  Hg @y ~ N (Aa + Bb, Q) a € 4"

[™N¢
|

|AR-Detector: T = ||é||? . R
a=17I(a)

[PJG Teunissen (2024) J.Geod.]
7:R"—Z"

Q
e
'~
+
I
QW
pus
S
¢
|
N =

AR-detector vs AF-detector
for pseudorange-blunder & carrier-phase cycle-slip

Power

100% - Blunder in PseUdorae- - i Single-epoch Dual-epoch 100% - Cycle s!‘if_‘_ W P
o = 89.48% 99.39% " il
80% 1 i 80%
60% - « 60%
L
3
a0% —— 0=0.005] |~~~ - AK & 40%
T or || R0
20% s (@=0.05
A ————— AF 20%
i : 180°

The undifferenced zenith reference precision

0 ! 2 8 * - 6 ’ 8 9 g, = 0.5m g, = 0.005m 0 0.02 0.04 0.06 0.08 0.1 0.12

H;y~ Mm.(ACL + Bb + Cjc;, ny) C; € ijo



Mixed-integer model:

IAR-Detector:

[PJG Teunissen (2024) J.Geod.]

Ho :

T =

~ N, (Aa + Bb, Q) a€

[™N¢

2

a

AR-detector vs AF-detector
foriono-delay & tropo-delay

Troposphere dela

Dual-epoch
99.39%

Single-epoch
89.48%

100% lonosphere dela
ﬁ he A !t Wi
30% ' ‘ RNV
| ' \ ‘Is"' ."//
s BT M e L 100%
5 0% I ’ "",I ]' . 4
§ H ‘ ' \ -”’/ J
40% f l " ' ' ', 50
o MIH y/

o
________

120°

180°
The undifferenced zenith reference precision 0

5 10 15 20 25

=

0, =05mo, = 0.005m

~ N, (Aa + Bb + Cic;, Q) ¢; € RY,



Mixed-integer model:

IAR-Detector:

[PJG Teunissen (2024) J.Geod.]

Ho:y ~ No(Aa + Bb, Q)

T =|léllg,, + .,

é

AR-detector vs AF-detector
foriono-delay & tropo-delay

lonosphere dela
1009’0 | m ** ; ? A ' " b
II 7\*.1?1??&, | : I ‘ v.\"". t g ".":'I’
800/0 ' N ,l'| ‘l | \ ‘*’ ‘:‘ \ " H i /,’//
5 111K |8 ‘,§n 4\i 204
(8 41 1N 1 MU *100%
5 60% | I 4’,!1 i n X // ?
§ [ ‘ | ' \' ,"‘, "/."/
40% | ‘ l | l .
20% | .
’,-:“/" Oo/ol —————————————————————
*.- i _ 0 1 2
0 5 10 15 20 25 30 35 40

¢ (TECU)

a 7;{51 Nn(a + /_1+ch Q&&)

¢{(m)

15

, |lé(a + AJFOC)H%% , Periodicif ATC'c e Z"



{ Power function in Spectral Form ]

é

5,y +1Ell3,,

Jyvy

P(c) = P[T > k|Ha(c)] T =



[ Power function in Spectral Form]

é

P(c) = P[T > k|Ha(c)] T =lell3,, + .,

Convolution — PDF of ambiguity-residual — periodic continuation — Fourier transforms
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Single-frequency L1, single-epoch GPS short-baseline model;
success-rate under HO: 98.7%
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Conclusions

AR-detector significantly larger power than AF-detector
Power improvements are even realized for ambiguity-fixing weak-models
Power improvements spectacular for ionosphere and troposphere delay detection

Damped oscillatory character of power function explained by its spectral form:
damped cosine-serries

* Ambiguity-bias in z-domain => frequencies
* Ambiguity-precision in z-domain => amplitudes

Power function in spectral form can be used for targeted designing purposes



Figure 6 — fluctuation frequency of ionosphere

Power

100%

i

80%

60%

40% '

20% |

0 5 10 15 20
¢ (TECU)

With 50 vertical lines (from the top
100 non-zero integer vectors)

High peaks overlap with the
expected frequencies

—+
|ZTZTA C|for the top 30 non-zero integers that give

minimum values of z7 Q,,z (Below shows half of them)

0.8509 1.7397 4.2369 2.5376 5.0878 1.7018 1.6955

2.5906 3.3885 0.0038 2.5465 2.5413 5.1190 0.8887

0.8325

cxp( Z?rzzTQz)

0.8551 0.5719 0.566
00

0.5095 0.5033 0.5
0.4625

In this example, the frequency resolution is ~0.305 (1/TECU)

8 0.5346 0.5240
4 0.4805 0.4694

T T L g} T T i T T T
l i LI Bl
mi 1] FFT Spectrum
::: :::: ———— Expected Frequencies | |
mi ni 1

v n b
o i 1
.= -1 i 1l i
2 10 i 1 ]
= 1]
E‘ I |
i
< 1
= i
= 1
i
LB
2, 102 i i
& 10 .

|

| Wi ni L

| Wi ni L

| Wi ni LI

| 1 | I - l Nl ] LB |
0 0.5 1 1.5 2 2.5 3

Frequency (1 / TECU)



Explain fluctuation in power function

1) The vector to compute the frequencies can be written as

—+
ZTA C = [-0.83250.0076 -5.1190 4.2369 -0.0038 -2.5376 —1.7397 —0.8509]T
— [_1) 01 _61 5; 0; _3; _2; _1]T* 0.8533 + res

with res = [0.0208,0.0076,0.0008, —0.0296, —0.0038,0.0223, —0.0031, 0.0024]"
—+
Therefore, ZTA C is very close to an integer vector times 0.8533

—+
2) As a result, for any integer vector z, zT ZT A C will be close to an integer times of 0.8533. This explains why the
frequencies are around integer times of 0.8533

3) Due to the res vector, the frequencies within each group are not exactly the same.
4) Where does 0.8533 comes from? 1ITECU~0.1624 m

0.1624 m/TECU
0.1903 m

= 0.8533 cycles/TECU

25
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T = |t|lg, +

|EL—&||% Je(e;d) = Z¢3.,1(€+Z—d;Q),

n

FASY S

M

fe(e;b) = Z e}{p(—Q?TQkTQk) exp(?‘ﬁikT(e — d)) :

ec V.

fo(rst) = [ fx(r = el}) 1) de

Thus the probability can be viewed as a Fourier-type series in b:

meZn"

Pr[T > k;b] = Z () cos(?w(mTﬂ)b — <pm) ,

where the amplitudes are damped by

2. T
—27"m” Qm
e Q

and also vary smoothly through the noncentrality
Ab) = b CTQC.

So there are two types of b-dependence:

smooth trend from A(b)

and

oscillation from (:05(21'TmTAb).




The ambiguity residual density is

ff(e;b) = Z Cbn(e +z — flb; Q), ecV.

AL

zEL
By Poisson summation,
flesb) = 3 e trmTam lrim(ea0)
mezn
Substitution gives
P(b) — Z e—erﬁmer6—2Tr€(m_'f_4)b / FXE(/\(b)) (h‘, B HeH%) 62w-im?‘e o
meZ" Vv

Define the coefficient
for the dominant modes, with

) — | . 2 Omim! e
.IIH(b'} h/) - ‘/‘, FX?(A(b)) (h’ - ‘e ‘Q) € de- J"m'(b1 H:) —_ / wb(e; Fn'.) COS(2ﬂ'mTe) de’
Vv
Then where
- — ‘ - ,
P(b) — Z 8_2‘}1'2?71? Qme(b; H)e—er-i(-iizf_4)b. wy(e; k) = FX-E(/\(b))(H — ||e||Q)
meZ"

P(b) = Jo(b) + 2 Z e_%g"’”T@"”Jm(b) cos(2mm’ Ab).

m=>0



Jo(by k) = / Pr[X > r— e %} de. Interpretation 1: Average power over the pull-in region
14

Jo is the power obtained when the ambiguity residual is assumed uniformly distributed over the pul
in region.

Jo(b; k) = Eys [P}g(,\(b))(ﬁ — U

27 )} , Jo = power obtained after replacing f. by the uniform density on V.

lim P(b) = Jo(b).

Q—o0

U ~ Uniform(V). Thus

| Jo = the asymptotic power when the ambiguity residual becomes uniform over V.

P(b) = Jy + (oscillatory lattice corrections). <P

we have
Therefore 0< Jo(byr) < 1.
e Jy is the power that would be obtained if the integer lattice were "washed out", Moreover. i
T te >0,
¢ all improvements (or degradations) due to integer ambiguity resolution are contained in then

A(b) — o0 as |b| — oo,

and therefore

for the dominant modes, with [fo(im) + 1 asfbl = oo

So, qualitatively,

T Jo(b; k) is a smooth, even, generally increasing, saturating power curve.
I (b5 k) = / wp(e; k) cos(2rm” e) de, [t :
V It gives the nonoscillatory envelope/background around which the lattice-induced Fourier corrections
oscillate.

where

wy(e; k) = FXE(A(b))(H - He||2Q)



Yes. Let the phase be
£=Ab (mod Z"),

and define the power as a function of this ambiguity-lattice phase:

P(E) = [ w(e) fles ) e
where

w(e) = Fyap (5 — [lell3) »

and

fle;e) =) dle+z-£Q), ecV.

z€ZR

Here V is any unit-volume pull-in region, so |V | = 1.

Because V' is a fundamental pull-in region of Z", tF* ' ~io

r
Save as PDF ~ Convert che

e+z—V, z € 4",

tile R™ without overlap except on boundaries of measure zero. Therefore

%llz V¢(H;Q)du:/1gn¢(u?Q)dU=l.

Thus

fVqu(eﬂfs;Q)ds:l.

z€ZLn

Substituting back,

| Peras = [ wierde.

Since | V| = 1, this is also the uniform expr J ion over the pull-in region:

We want to prove that the average of P(&) over one pull-in region equals J:

[ P@rde=5~ [ weae

v

Start with

fvP(g)d£=fovw(e)§¢(e+za;Q)dedg.
Interchange the integrations:

[ Pea= [ v M%:ﬁ(eﬂ—&@)dﬁ de.

Now consider the bracketed term. For fixed ¥

Now consider the bracketed term. For fixed e, Save as PDF ~ Convert ¢l
[T sterz-6@ae=% [ oe+:-s@.
V ozezn zezn” Y
Make the change of variable
u=e+z—E&.
As € ranges over V, u ranges over
e+z—-V.

Hence
zczz;lfvczﬁ(e+zf£;c2)d£:§ » V¢(u;Q)du_

Because V is a fundamental pull-in region ¢ ;l;””, the translated regions

Since |V'| = 1, this is also the uniform expectation over the pull-in region:

Ez . vuitr) [P(E)] = f w(e) de = Jy.
Vv

So Jy is precisely the pull-in-region average of the power over all relative lattice phases.

Equivalently,

Jy = lattice-phase averaged power.

This proof does not require writing the average over the torus explicitly. It uses only the

fact that the pull-in region V' is a fundamental region whose integer shifts tile R".



10. Overall characterization

- ¥] Convert chat to Pl
Sl Save as PDF For proof, see PDF *

Yes. The cleanest view is that, for each fixed b and k,

Jm(b; k) is real and even in both m and b

I (b5 k) = f wp(e; .«s)ezmlmrE de,
under central symmetry. Furthermore, Y
with

|Im| < Jo <1, Jm — 0 as [|m| — oo, wi(e; k) = Foou (k- el3),  A®) =18,  y=CTQ,'C.

Thus {Jin (b; £) }meczn are the Fourier coefficients, over the pull-in region V/, of the
and for vy > 0, bounded function w;(+; k).

Jo(b) — 1, Jn(b) = 0 (m #£0) as |b] — co.

So a typical nonzero J,,, () is a smooth even function that starts at J,,,(0), may increase,

decrease, or change sign at intermediate b, but ultimately returns to zero as |b| becomes ——
large. The complete contribution to power is then determined by three separate factors: |7 (b5 )| < To(5 ) < 1.]
This implies that the complete m-mode in the power function satisfies
2:"rzmTQm T 2T 2 7
Ji ¢ K) cos(2mm” Ab) . 267", (b; ) cos(2m” Ab)| < 22O by ).
Gaussian lattice damping threshold-weight Fourier coefficient lattice-phase oscillation :etncle ;hs iau.ssmnfr;u'tiphere A gives arigorous envelope, iespective of the
etailed behavior of J,,,.




P(b) = Jo(b) + 2 Z e_%ﬂmTQme(b) cos(2rm’ Ab).
m =0

| now think that your questions over the last hour have actually revealed a much cleaner

separation:
¢ () determines how large each Fourier mode is.

e A determines how fast each Fourier mode oscillates.

These are completely different effects and should probably not be merged into one

criterion.
In fact, | would now formulate the analysis in two stages:

1. Amplitude screening: determine the finite set of relevant modes by

2 T
e 2m°m lejm‘ > €.
2. Frequency analysis: for those retained modes only, investigate whether

T

4 bmax
JA

|7

is small, of order one, or large.



In hindsight, | think there are really two independent questions. Question 2

Among those important modes, which actually oscillate over the interval?

Question 1
Which Fourier modes matter? Answer:
Answer: Those for which

|mTA |Bmax
Those satisfying

is of order one or larger.

27r2mTQm
e il
‘ m( )l This depends only on A.

not small.

This depends only on Q). ¢
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Hi:y~ Ny (Aa+ Bb+ Cicy, ny) Ci € Ri—il‘}

_ 2 ~ =12 2 Include here the nice
I'= Ht ‘Q” T Ha G*HQ X+ H€HQ 2D-periodic figures of its contourlines
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Power function:

Pr[T > k| = /I Fen (k- HBH%) fe(e;b) de FX?(}‘)(QC) — PI‘[X?(/\) > $],

Pr[T > k] = Z e=2mm Qm / Fep (k= e o) cos(2mm’ (e — Ab)) de.
.

meZn '

Thus the probability can be viewed as a Fourier-type series in b:

Pr[T > k;b| = Z (D) COS(QTT(TRTH)b — ©m),

mezn

where the amplitudes are damped by

2. T
—27°m Qm
e Q

and also vary smoothly through the noncentrality
Ab) = v CTQ,C.

So there are two types of b-dependence:

smooth trend from A(b)

and

oscillation from (:Os(meTAb).
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Every nonzero integer vector can be written uniqu: P® c<ave as PDE ~ Convert chat to PDF

m = kmy,
where
e k=>1,
e the components of m have greatest common divisor equal to one (a primitive lattice
vector).
Then

P(c) = Jo(c) + 2 Z Z er 2% ki Qg Jim, (€) cos(2k m{ Ac).

my primitive k=1

This reorganizes the power function into independent harmonic families, one for each

primitive lattice direction. Each family has:

¢ a fundamental frequency mgA;
® a hierarchy of harmonics ngA, erﬁr VoL

e amplitudes that decay essentially like



Chengyu-figures

- Power pseudorange (AK-AR-AF); Skyplot; Power cycle-slip (AK-AR-AF)
- Poweriono (AK-AR-AF); Skyplot; Power tropo (AK-AR-AF)

- PeriodicFunction as function of bias ||ahat-acheck||_{Q}*{2}

- Periodic function of echeck PDF (for different sigma)

- z™T}Qz and z*{T}Abar™{=}C for iono and pseudorange

- Chengyu this is my Power-formula:

Ple) = Z E_EWEETQ“’EFE(C; k) cos(2mzT ATCe)

-
zEH™

e édﬂ ) cos(2mzT €)de

F.lc;k) = / Fj{z(?‘_;ﬁ(c]](rﬂ —
'5[]



Title: The Mixed-Integer Misclosure Test in Spectral Form
Author: P.J.G. Teunissen
Delft University of Technology

Department of Geoscience and Remote Sensing, The
Netherlands

Chengyu-figures
- Power pseudorange (AK-AR-AF); Skyplot; Power cycle-slip (AK-AR-AF)
- Poweriono (AK-AR-AF); Skyplot; Power tropo (AK-AR-AF)
- PeriodicFunction as function of bias ||ahat-acheck||_{Q}*{2}
- Periodic function of echeck PDF (for different sigma)
- zMT}Qz and z*{T}Abar”{=}C for iono and pseudorange
- Chengyu this is my Power-formula:
P(c) = Z ﬁ‘_zﬁzz-r@&"’zﬁ?[c; K) cos(2mzT ATCe)
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g™
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Some examples of performance of detector for model-misspecifications

- Showing the improved effect of AR-detection vs AF-detection

- Show oscillations of ionopower and tropo-power
- Oscillations can be explained in spatial domain with train of gaussian pulses
- Butwe would like to predict it and design for it => Fourier-approach
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