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Background information

Mixed-integer least-squares problems

Given y € R™ as vector of observables with covariance matrix @,

we consider a € Z" (ambiguities) and b € RP (parameters), so

where [4, B] € R™*(™+P) is the full (column) rank design matrix.

E{y} = Aa + Bb, D{y}=0Q,, >0

E ]:Rmxm

The integer-estimability problem precedes the ambiguity resolution problem!

» References: Teunissen (2019), Khodabandeh and Teunissen (2019), Teunissen and Khodabandeh (2022).

o]
TUDelft

Ultimately, we seek the ‘fixed’ solution

N V_ - - - 2
a,b—argaezrg}?réwlly Aa BbIIny
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Primal orthogonal decomposition

Least-squares AMBIiguity Decorrelation Adjustment method

A primal orthogonal decomposition (Teunissen 1993) 1s given by

ly —Aa—Bbllg, 2 llell§, +la—alf,, +|b(a)—>b
by 2 161G, S TOR .
Step 1 Step 2 Step 3
Float solution: Ambiguity resolution: Fixed solution:
(c:l) Qaa QaB] a=7J(a) b=b—Qp;0z5(a—a)
b/"105a Qpp LAMBDA considering a success rate

given
ambiguities (float)
baseline parameters

SR & P(d = q) ~ 1

1.e. Qdd ~ 0.
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Primal orthogonal decomposition

Least-squares AMBIiguity Decorrelation Adjustment method

A primal orthogonal decomposition (Teunissen 1993) 1s given by

— Aq — 2 a2 a — all? h(a) — b||*
Iy — Aa = Bblg,, = Iellg,, +lla - allg,, + [b@ - bl
Step 1 Step 2 Step 3

Float solution:

(c:l) Qaa QaB]
- b/’ W0sa Usp
given
ambiguities (float)
baseline parameters

Ambiguity resolution:

i=2"T1(ZT4)

S\
I ]

Fixed solution:
A PV
b=b—Qpaas(a—a)
considering a success rate
SREP(ad=a) =1

1.e. Qdd ~ 0.
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o D is diagonal, L is
LAMBDA dGCOmp081t10n lower unitriangular

Adoption of LTDL factorization (i.e. last-to-first)
We compute Qz4 = L' DL for L € R™™ and D € R™™ with d; = 0i2|i+1___n, SO
-1 i d, i

l21 1

L: : : . , D: dz.

ng Ly - 1 d

In a block-wise form

Q11 ] [L11 ]T [Dl ] [L11 ] _ Li1D1L1q + LoD,Lg
Q21 Q22 Lo Ly, Dyl 1Lqg Ly, LEZDZLQ L32D; Lo,

and the Schur complement follows

TU Delft Q112 = Q11 — Q12055 Q21 = L11D1 L4,

Qaa =



LAMBDA decorrelation

Admissible Z-transformation (i.e. integer unimodular matrix)

Given z = ZT a, the matrix Z is admissible iff Z € Z™" and |det(Z)| = 1, so
1t follows that we can consider Integer Gauss Transformations (IGTs):

I;_4

1
ZE I+ agreie] = Z1GT y  ZigT = [ ] agr € Z
L, aigr 1
n—i—

such that size reduction: |l{+1}i| <05

LI

L'=1z= Ly I [ E— / L. = Ly, 7
P 22 ’lli+1,i+aIGT 1|’ 32 3241GT
L3y L3y L33

We alternate IGTs with ‘adjacent permutations’ for a Lovasz-like condition:
TUDelft  dyy, =d;+(l,1,) diss <diss+6, & =1(LAMBDA)
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Vectorial Decorrelation
(VD) principles
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From scalar to vectorial formulation

Generalized 1GTs

We consider a conformal block partitioning of the Z-transformation matrix, 1.e.

AR A
J = [ 11 12] e 7(n1+nz)x(ng+ny)
Z21 ZZZ

where — via Schur’s determinant identity — we require
|det(Z)| = |det(Zy,) - det(Zyy — Z12Z55 Z51)| = 1

Assuming Z;, = 0, we obtain |det(Z)| = |det(Z,,) - det(Z,1)| = 1, with
Z VA%
Z= [le A -z = [ IS 291]
21 22 _Zzz 221211 22
# so admissible iff Z,;; € Z™*™ and Z,, € Z"2*™2 are also admissible, but..
TU Delft Z»4 1s an arbitrary integer matrix! 1o




From scalar to vectorial formulation

Key principle
Starting with this lower triangular block matrix Z, we compute Q = Z7QZ as

Q11 ] [ZlTl 221] [Qn Z11 ]
0,4 Q22 71, 1Q21 sz Zz1 Z2

r@1|2 - ZI1Q1|2Z11
Q11 = Qq)2 + Q31072021 - Q1 =Z32Q22(Z21 + Q35 Q21Z11)
) \sz = 73202227

Assuming Z;; = I, , we seek Q11 < Q45 such that

(7

'i"U Delft @iz = Q1 & Q12 + (Zz1 + Q55 Q21)7Q22(Z51 + Q35 Q21) < Q11
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Vectorial Decorrelation problem

Mathematical formulation

A natural optimization problem follows
Zy3y =arg  min  tr[(Z;; + Q22 021" Q22 (Z21 + Q27 Q21)]

Z2 1 EZnZ Xnq

or equivalently ‘column-wise’ we can write n, separated ILS problems

z=argminllz—2l, ., 1= —10:10u]; = [LabLo),

Potential solutions:

* Integer Rounding: 7R = [LE%LQ] 1s not much effective...

- Integer Bootstrapping: Zi8 = @@

1("U Delft ° Integer Least-Squares: Z34° optimum, but potentially very costly!
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Reverse Vectorial Decorrelation

Construction RVD matrix 1)

{i}
_ le ‘ {l} lL{l}Zill}
° Initialize ZRVD = In

(i
Zy 1

 Fors=2,..,n
Zrvp(s,1:s — 1) = —|L(s, ) Zryp( s —1)]

° nxn

Retum ZRVD € Z 11o0lo]ojolo]ofo tlojolo]olo]olfo
227 1 o0 lofo ool o l 1o o0 lofo]o]o
i) 10|00 |ofo lyy [l 1| 0|0 ] 0| o0]foO

Advantage ’
7= 10 0 |o]o lyp [l (sl 100 ]o0]o0
> L’ = LZRVD 1s bounded! o 1o |ofo Iy | ls2 | Iss | dsa | 1| 0 | 0 |0
Disa dvantage 72 1|0 o lox | Loz | Lo | les | s | 1| 0|0
72 1] o0 b | B || &g | &n | &g | 6 110
> D' = D is not affected... zY 1 loo | loz | los | loa | los | las | Loy | 1

TUDelft NOTE: it can be constructed via IGTs. 13
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‘Targeted Insertions’
& implementations

14



Adjacent ‘block’ permutations

General formulation
We consider a permutation matrix PT € Z™" leading to Q = PTQP, such that

I I
PT — RT RT — [ tII] — R—l
) It -
I I
q
After some manipulations we obtain: 7 : p
11 1
| = [Laz Lyo] [ = La1Ly; p=| D
- . i L31L3;L33 ' D;
_ r L2z ] [Lm Uealteleglon L )
i ] L3;L33 L3q] l
_ [_L3§L32L22 L33] _L21] [
P _ L3 L31
TUDelft =-




Adjacent ‘block’ permutations

Targeted Insertion (TI)

For the general case t; = 1, t;; = 1 we need to compute

( L™DL .
) «—— L3;D,L55 + L3;D3L3,
< = L§2D3L33
LTDL T
2 «—— L33D3L33 —

For the simple case t; = 1, given any t;; = 1, then
ld; =d, + £5,D;25,]

$ = £§2D3L33
LTDL

Known as ‘deep insertions’
Schnorr, C.P. & Euchner, M., 1994.
Lattice basis reduction: improved
practical algorithms and solving
subset sum problems. Mathematical
Programming, 66 (1-3), 181-199

.I’.‘U Delft 2 —— LY3D3L35 — (via a rank-one downdate)
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TI algorithmic implementation

TI-based decorrelation
Define a target g for the conditional std.dev., then

* Forrpew = nn-—1,...,2

* | For Iold = 1, ..., I'new rz;ld

+ g(ro1a) = T5ESW D(R)L(r, Forq)? \
* | End

r
- Compute r}4 = arg min [/g(r) — g |
ISTpew

© If r:;ld 7 Tnew

* TI-algorithm | Update L, D matrices after moving r;;4 into rpey-

* RVD-transform | Size reduction for L matrix, also possible via IGTs.
* End

-ﬁ. End

17



TI algorithmic example #1

See LAMBDA 4.0
(GPS, GF-3f, 5 Rx)

Case g = 0 | Aims at smallest conditional std.dev. (last-to-first)

--------- Original
LAMBDA
VD-TI

---ADOP

.........

SR~ 0%
SR=47.99%

SR=99.95%

o]
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Value [eycle] (log scale)

3

0.3

0.1F

0.03

0.01

Conditional standard deviations

Ambiguity component |-|
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TI algorithmic example #1

See LAMBDA 4.0
(GPS, GF-3f, 5 Rx)

Case g = 0 | Aims at smallest conditional std.dev. (last-to-first)

--------- Original
LAMBDA
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. . See LAMBDA 4.0
TI algorithmic example #2  @Gps,GF315Ry)

Case g = ADOP | Aims at conditional std.dev. (for FAR)

Conditional standard deviations

--------- Original 3
--------- LAMBDA i
VD-TI L ‘ ) |
---ADOP N e o’ e
En 0.3+ J
SR~ 0% z . _— v
A Jrme” et
SR=47.99% 2 ;- sl WSS vl NN s
SR=99.95% 0.03L =T —
| T R I— e

]
TU Delft oo 40 8|0 150 160 200 20

Ambiguity component |-|



See LAMBDA 4.0

TI algorithmic example #2b (Gps,GF-3f 5 Rx)

Case g = 0.15 cycles | Aims at conditional std.dev. (for PAR)

--------- Original
LAMBDA
VD-TI

---ADOP

.........

SR~ 0%
SR=47.99%

SR=99.95%

o]
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Value [eycle] (log scale)

3

0.3

0.1F

0.03

0.01

Conditional standard deviations

Ambiguity component |-|
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Further considerations

Possible extension into parameter domain
Starting with the following LTDL-decomposition

Qpp " " b
Q1011 " pL11
pLo1Lo>

b(dy) = b —Ly;L35 (@, — ), Qpp = LypDplpps + LigD1Lyp

Q51021022

The precision improvement after fixing a, is
. def P ~ —_ T ~
AQb|2 = Usp Qb|2 — L25D2L2b

P subject to p=y
TUDelft Psig = P(d, = a;) = Py ﬁ‘%
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Summary

J In this work we revisit ‘Vectorial Decorrelation’ formulations
for Integer Ambiguity Resolution (IAR).

) While the size-reduction of L is trivially achieved by different
principles, an efficient flattening of D entries is the issue.

1 Still, TIs or ‘deep insertions’ present one very practical way to
tackle the problem under potentially new different criteria.

“] Acknowledgments: thanks to Sandra Verhagen and Peter Teunissen for
TU Delft the early discussions and preliminary feedbacks on this interesting topic. -,
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  y ∈  ℝ m


   Q  y y ∈  ℝ  m × m


  a ∈  ℤ n


  b ∈  ℝ p


  E  { y } = A a + B b ,     D  { y } =  Q  y y ≻ 0


   [ A , B ] ∈  ℝ  m ×  ( n + p )


   a ˇ ,  b ˇ =  arg ⁡     min  a ∈  ℤ n , b ∈  ℝ p ⁡     ‖ y − A a − B b ‖   Q  y y 2


     ‖ y − A a − B b ‖   Q  y y 2 ≜    ‖  e ^ ‖   Q  y y 2 +    ‖  a ^ − a ‖   Q   a ^  a ^ 2 +    ‖  b ^  ( a ) − b ‖   Q   b ^  ( a )  b ^  ( a ) 2


   a ˇ = ℐ  (  a ^ )


   (     a ^    b ^ ) ,    [     Q   a ^  a ^    Q   b ^  a ^           Q   a ^  b ^    Q   b ^  b ^ ]


  a


  b


   b ˇ =  b ^ −  Q   b ^  a ^  Q   a ^  a ^  − 1  (  a ^ −  a ˇ )


  SR ≝ P  (  a ˇ = a ) ≈ 1  


   Q   a ˇ  a ˇ ≈ 0


     ‖ y − A a − B b ‖   Q  y y 2 ≜    ‖  e ^ ‖   Q  y y 2 +    ‖  a ^ − a ‖   Q   a ^  a ^ 2 +    ‖  b ^  ( a ) − b ‖   Q   b ^  ( a )  b ^  ( a ) 2


   a ˇ =  Z  − T ℐ  (  Z T  a ^ )


   (     a ^    b ^ ) ,    [     Q   a ^  a ^    Q   b ^  a ^           Q   a ^  b ^    Q   b ^  b ^ ]


  a


  b


   b ˇ =  b ^ −  Q   b ^  a ^  Q   a ^  a ^  − 1  (  a ^ −  a ˇ )


  SR ≝ P  (  a ˇ = a ) ≈ 1  


   Q   a ˇ  a ˇ ≈ 0


   Q   a ^  a ^ =  L T D L


  L ∈  ℝ  n × n


  D ∈  ℝ  n × n


   d i =  𝜎  i | i + 1 … n 2


  L =  [    1    l 21   ⋮    l  n 1          1   ⋮    l  n 2            ⋱   ⋯              1 ] ,     D =  [     d 1                 d 2                ⋱                 d n ]


   Q   a ^  a ^ =  [     Q 11    Q 21        "    Q 22 ] =    [     L 11    L Q         L 22 ] T  [     D 1           D 2 ]  [     L 11    L Q         L 22 ] =  [     L 11 T  D 1  L 11 +  L Q T  D 2  L Q    L 22 T  D 2  L Q      "      L 22 T D 2  L 22 ]


   Q  1 | 2 =  Q 11 −  Q 12  Q 22  − 1  Q 21 ≡  L 11 T  D 1  L 11


  D


  L


  z =  Z T a


  Z


  Z ∈  ℤ  n × n


   |  det ⁡   ( Z ) | = 1


  Z ≝  I n +  𝛼 IGT  e  i + 1  e i T =  [     I  i − 1             Z IGT             I  n − i − 1 ] ,      Z IGT =  [    1    𝛼 IGT        1 ] ,      𝛼 IGT ∈ ℤ


   L ′ = L Z =  [     L 11 ′    L 21 ′    L 31 ′           L 22 ′    L 32 ′             L 33 ′ ] ,      L 22 ′ =  [    1    l  i + 1 , i +  𝛼 IGT          1 ] ,      L 32 ′ =  L 32  Z IGT


                             d ~  i + 1 =  d i +    (  l  i + 1 , i ′ ) 2  d  i + 1 <  d  i + 1 ∙ 𝛿 ,     𝛿 = 1   ( LAMBDA )


   |  l  i + 1 , i ′ | ≤ 0 . 5


  Z


  Z =  [     Z 11    Z 21         Z 12    Z 22 ] ∈  ℤ   (  n 1 +  n 2 ) ×  (  n 1 +  n 2 )


   |  det ⁡   ( Z ) | ≡  |  det ⁡   (  Z 22 ) ∙  det ⁡   (  Z 11 −  Z 12  Z 22  − 1  Z 21 ) | = 1


   Z 12 = 0


   |  det ⁡   ( Z ) | =  |  det ⁡   (  Z 22 ) ∙  det ⁡   (  Z 11 ) | = 1


  Z =  [     Z 11    Z 21        0    Z 22 ]           →            Z  − 1 =  [     Z 11  − 1   −  Z 22  − 1  Z 21  Z 11  − 1        0    Z 22  − 1 ]


   Z 11 ∈  ℤ   n 1 ×  n 1


   Z 22 ∈  ℤ   n 2 ×  n 2


   Z 21


  Z


   Q ~ =  Z T Q Z


   [       Q ~ 11      Q ~ 21      "      Q ~ 22 ] =  [     Z 11 T           Z 21 T    Z 22 T ]  [     Q 11    Q 21        "    Q 22 ]  [     Z 11    Z 21           Z 22 ]


     Q ~ 11 ≝    Q ~  1 | 2 +    Q ~ 21 T    Q ~ 22  − 1    Q ~ 21           →            {       Q ~  1 | 2 =  Z 11 T  Q  1 | 2  Z 11                                                                Q ~ 21     =  Z 22 T  Q 22  (  Z 21 +  Q 22  − 1  Q 21  Z 11 )      Q ~ 22     =  Z 22 T  Q 22  Z 22                                                            


   Z 11 =  I   n 1


     Q ~ 11 ≤  Q 11


   Q  1 | 2 ≤    Q ~ 11 ≝  Q  1 | 2 +    (  Z 21 +  Q 22  − 1  Q 21 ) T  Q 22  (  Z 21 +  Q 22  − 1  Q 21 ) ≤  Q 11


   Z 21 ∗ =  arg ⁡     min   Z 21 ∈  ℤ   n 2 ×  n 1 ⁡   tr ⁡   [    (  Z 21 +  Q 22  − 1  Q 21 ) T  Q 22  (  Z 21 +  Q 22  − 1  Q 21 ) ]


   n 1


   z j ∗ =  arg ⁡     min  z ∈  ℤ   n 2 ⁡     ‖ z −    z ^ j ‖   Q 22  − 1 2 ,        z ^ 21 = −    [  Q 22  − 1  Q 21 ] j ≡ −    [  L 22  − 1  L Q ] j


   Z 21 IR = −  ⌊   L 22  − 1  L Q ⌉


   Z 21 IB =


   Z 21 ILS


   Z RVD =  I n


  s = 2 , … , n


   Z RVD  ( s , 1 : s − 1 ) = −  ⌊  L  ( s , 1 : s − 1 )    Z RVD  ( 1 : s − 1 , 1 : s − 1 ) ⌉


   Z RVD ∈  ℤ  n × n


   L ′ = L  Z RVD


   D ′ = D


   Z 11   { i − 1 } =  [     Z 11   { i }    Z 21   { i }          1 ] ,      Z 21   { i } = −  ⌊   L Q   { i }  Z 11   { i } ⌉


   P T ∈  ℤ  n × n


   Q ~ =  P T Q P


   P T =  [     I s               R T               I q ] ,      R T =  [       I   t I         I   t II   ] ≡  R  − 1


   [    L ~ 42        L ~ 43 ] =  [  L 43      L 42 ]


   [       L ~ 21      L ~ 31 ] =  [       L ~ 22      L ~ 32             L ~ 33 ]  R T    [     L 22    L 32       L 33 ]  − 1  [     L 21    L 31 ]


                                          =  [       L ~ 22      L ~ 32             L ~ 33 ]  [    −  L 33  − 1  L 32  L 22  − 1    L 22  − 1         L 33  − 1   ]  [     L 21    L 31 ]


  = …


     L =  [     L 11    L 21    L 31    L 41       L 22    L 32    L 42         L 33    L 43           L 44 ] ,   D =  [     D 1             D 2             D 3             D 4 ]   ↓    L ~ =  [       L ~ 11      L ~ 21      L ~ 31      L ~ 41         L ~ 22      L ~ 32      L ~ 42           L ~ 33      L ~ 43             L ~ 44 ] ,    D ~ =  [       D ~ 1               D ~ 2               D ~ 3               D ~ 4 ]


   t I ≥ 1 ,  t II ≥ 1


   {       D ~ 3 ,    L ~ 33  ←   L T DL  L 22 T  D 2  L 22 +  L 32 T  D 3  L 32      L ~ 32 =    D ~ 3  − 1    L ~ 33  − 1  L 32 T  D 3  L 33          D ~ 2 ,    L ~ 22  ←   L T DL  L 33 T  D 3  L 33 −    L ~ 32 T    D ~ 3    L ~ 32


   t I = 1


   t II ≥ 1


   {       d ~ 3     =  d 2 +  ℓ  𝟑 𝟐 𝑻  D 3  ℓ  𝟑 𝟐                                                    ℓ ~  𝟑 𝟐 𝑻 =    d ~ 3  − 1  ℓ  𝟑 𝟐 𝑻  D 3  L 33                                                          D ~ 2 ,    L ~ 22  ←   L T DL  L 33 T  D 3  L 33 −    d ~ 3    ℓ ~  𝟑 𝟐    ℓ ~  𝟑 𝟐 𝑻


   g -


   r new   =   n , n − 1 , … , 2


   r old   = 1 , … ,  r new


  g  (  r old ) =   ∑  r =  r old  r =  r new  D  ( r ) L    ( r ,  r old ) 2


   r old ∗ =  arg ⁡     min  r ≤  r new ⁡   [  g  ( r ) −  g - ]


   r old ∗ ≠  r new


   r old ∗


   r new


   r old ∗


   r new


   𝐠 - = 𝟎


  ∼


   𝐠 - = 𝟎


  ∼


   𝐠 - = 𝐀 𝐃 𝐎 𝐏


  ∼


   𝐠 - = 𝟎 . 𝟏 𝟓   𝐜 𝐲 𝐜 𝐥 𝐞 𝐬


  ∼


   [        Q   b ^  b ^    Q   b ^ 1    Q   b ^ 1       "    Q 11    Q 21       "   "    Q 22 ] =    [     L   b ^  b ^    L  1  b ^    L  2  b ^       L 11    L 21         L 22 ] T  [     D   b ^             D 1             D 2 ]  [     L   b ^  b ^    L  1  b ^    L  2  b ^       L 11    L 21         L 22 ]


   b ^  (    a ˇ 2 ) =  b ^ −  L  2  b ^ T  L 22  − T  (    a ^ 2 −    a ˇ 2 ) ,      Q   b ^ | 2 =  L   b ^  b ^ T  D   b ^  L   b ^  b ^ +  L  1  b ^ T  D 1  L  1  b ^


   a 2


  Δ  Q   b ^ | 2 ≝  Q   b ^  b ^ −  Q   b ^ | 2 =  L  2  b ^ T  D 2  L  2  b ^


   P  s , IB ≝ P  (    a ˇ 2 =  a 2 ) ≥  P 0


  L


  D

