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𝜔𝐳 ො𝐳 = ቊ
1, ො𝐳 ∈ 𝛺𝐳

0, else
, 𝛺𝐳 = 𝛺 ∩ 𝑆𝐳,

ℐ ො𝐳 =  ቊ
{1, … , 𝑛}, ො𝐳 ∈ 𝛺

⌀, ො𝐳 ∉ 𝛺
, 𝑆: ℝ𝑛 → ℤ𝑛 ∪ ℤ0.

ො𝐚, 𝑸 ො𝑎 → ቊ
ො𝐳 = 𝐙𝑇 ො𝐚

𝑸 Ƹ𝑧 = 𝐙𝑇𝑸 ො𝑎𝐙
→

ቊ
𝐚ු = 𝐙−𝑇𝐳ු, ො𝐳 ∈ 𝛺

ො𝐚,  ො𝐳 ∉ 𝛺

𝐳ු = 𝑆 ො𝐳 =
෍

𝐳∈ℤ𝑛

𝜔𝐳 ො𝐳 𝐳, ො𝐳 ∈ 𝛺

, ො𝐳 ∉ 𝛺

IAE class
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Theory

IAR, Estimation, Validation, SoTA

Integer Ambiguity Resolution Theory: Estimation, Validation & SoTA
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𝜔𝐳 ො𝐳 = ቊ
1, ො𝐳 ∈ 𝑆𝐳

0, ො𝐳 ∉ 𝑆𝐳

ℐ ෝ𝒙 =  ቊ
{1, … , 𝑛}, ෝ𝒙 ∈ 𝐴𝜏

⌀, ෝ𝒙 ∈ R𝜏
, 𝑆: ℝ𝑛 × ℝ𝑑 → ℤ𝑛 ∪ ℤ0.

𝐳ු = 𝑆 ො𝐳, ෝ𝒙 =
෍

𝐳∈ℤ𝑛

𝜔𝐳 ො𝐳 𝐳, ෝ𝒙 ∈ 𝐴𝜏

, ෝ𝒙 ∈ R𝜏

𝐴𝜏 = ෝ𝒙 ∈ ℝ𝑑: 𝑔𝜃 ෝ𝒙 > 𝜏 ℛ𝜏 = ℝ𝑑\𝐴𝜏

൝
ෙ𝒃 = ෡𝒃 − 𝑸෡𝒃ෝ𝒂𝑸ෝ𝒂

−𝟏 ෝ𝒂 − ෕𝒂

෡𝒃, ෝ𝒂 

ቊ
𝐚ු = 𝐙−𝑇𝐳ු, ෝ𝒙 ∈ 𝐴𝜏

ො𝐚, ෝ𝒙 ∈ 𝑅𝜏

Conventional 
RAR

AI-Based 
RAR

𝒚 = 𝑨𝒂 + 𝑩𝒃 + 𝜼, ൝
𝒚 ∈ ℝm, 𝒂 ∈ ℤn, 𝒃 ∈ ℝ𝑝, 𝜼 ∈ ℝm~𝒢 0, 𝑸𝒚

𝑨 ∈ ℝm×n, 𝑩 ∈ ℝm×𝑝, 𝑸𝒚 ∈ ℝm×m 
→

ෝ𝒂
෡𝒃

= 𝑨𝑇

𝑩𝑇 𝑸𝒚
−1 𝑨 𝑩 𝑸𝒚

−1𝒚, ෝ𝒂 ∈ ℝn, ෡𝒃 ∈ ℝ𝑝 

ෝ𝒂
෡𝒃

~𝒢
𝒂
𝒃

,
𝑸ෝ𝒂 𝑸ෝ𝒂෡𝒃

𝑸෡𝒃ෝ𝒂 𝑸෡𝒃
, 𝑸ෝ𝒂 ∈ ℝnxn, 𝑸෡𝒃 ∈ ℝpxp, 𝑸෡𝒃ෝ𝒂 ∈ ℝpxn 

→

→
• Is the claimed 

superiority on RAR justified?
• Is the AI-model 

architecture interpretable? 

• Established theory!
• Underlying stochastic model 

assumptions or real-time 
implementation limitations.

→∗

∗



𝛈 = 𝛆noise + 𝛅mis + 𝛃unmod ⇒ ො𝐚 = 𝐚 + 𝐞𝑎 ⇒ Pr 𝐚ු1 ≠ 𝐚 > 0
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Theory

IAR, Estimation, Validation, SoTA

Integer Ambiguity Resolution Theory: Estimation, Validation & SoTA

If a hypAI model existed that 
could retrieve the true integer 

solution from sub-optimal 
candidates, how should it be 

designed
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Hypothesis

Multi-integer candidate, H1, H0, H2

Hypothesis: Multi-Integer Candidate

Physical candidate-list coverage

Strict simultaneous superiority Sub-optimal truth recovery

Count form

The “price” of additional fixed epochs is mathematical: the gain in correct fixes must exceed the success-rate-weighted 
growth of conventional RAR in total fixes.

Η1: ∃θ ∈ 𝒢:A∗ θ > A μ ∧ CSR∗ θ > CSR μ

Η0: ∀θ ∈ 𝒢:A∗ θ ≤ A μ ∨ CSR∗ θ ≤ CSR μ

Integer only count
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𝑞𝑠𝑢𝑏
∗  =  𝑃 ෠𝑌 = 𝑅|𝑅 ∈ 2, . . . K

𝐻2: 𝑞𝑠𝑢𝑏
∗ > 0, 𝑤ℎ𝑒𝑟𝑒𝑎𝑠 𝑞𝑠𝑢𝑏 = 0 𝑏𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛

𝐴 = 𝐹/𝑁, 𝐶𝑆𝑅 = 𝐶𝐹/𝐹, 𝐴∗ > 𝐴 ⇔ 𝛥𝐹 > 0,𝐶𝑆𝑅∗ > 𝐶𝑆𝑅 ⇔ 𝛥𝐶𝐹 > 𝐶𝑆𝑅 ∙ 𝛥𝐹

𝑅 = j ≥ 1: ෕𝒂j = 𝒂 ,

𝐿 = 𝑅 ≤ 𝐾 ,

𝑂 = 𝑅 > 𝐾,

𝐶 = 𝑃 𝐿

Decision alphabet notation

ƶ𝑦 = 𝑔𝜃 ෝ𝒙 ∈ 0,1, . . . , 𝐾 , 

0 = 𝑟𝑒𝑗𝑒𝑐𝑡, k =  accept ෕𝒂k

𝑌 = 𝑅, 𝑖𝑓 𝑅 ≤ 𝐾

𝛶 = 0, 𝑖𝑓 𝑅 > 𝐾

∗≡ ℎ𝑦𝑝𝑜𝑡ℎ𝑒𝑡𝑖𝑐𝑎𝑙 𝐴𝐼
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Deterministic Geometry & MILP realization

Closed Error Allocations

Deterministic Geometry & MILP Realization

Conditional outcomes

𝑞 = 𝑃 Ŷ = 𝑅|𝐿 ,

𝑟 = 𝑃 Ŷ = 0|𝐿 ,

𝑤 = 𝑃 Ŷ ≠ 𝑅, Ŷ > 0|𝐿 ,

𝑏 = 𝑃 Ŷ > 0|𝑂 ,

𝑞 + 𝑟 + 𝑤 = 1

Error allocation quantities
𝑒 = 1 − 𝑞,

𝜆𝑒𝑟𝑟𝑜𝑟 = 𝑤/𝑒,

𝜌𝑤𝑟𝑜𝑛𝑔 = 𝑏/𝑒,

𝐷 = C + 1 − C 𝜌𝑤𝑟𝑜𝑛𝑔

Closed form

𝑒 = 1 − 𝑣 /𝐷

𝑞 = 1 − 𝑒

𝑟 = 1 − 𝜆𝑒𝑟𝑟𝑜𝑟 𝑒

𝑤 = 𝜆𝑒𝑟𝑟𝑜𝑟𝑒

𝑏 = 𝜌𝑤𝑟𝑜𝑛𝑔𝑒

𝑞, 𝑟, 𝑤, 𝑏 are not grid 
parameters; they are 
algebraic 
consequences.

1 𝑃 Ŷ = 𝑌 = 𝑃 Ŷ = 𝑅, 𝐿 + 𝑃 Ŷ = 0, 𝑂

2 𝑣 = 𝐶𝑞 + 1 − 𝐶 1 − 𝑏

3 𝑞 = 1 − 𝑒, 𝑏 = 𝜌𝑤𝑟𝑜𝑛𝑔𝑒

4 𝑣 = 𝐶 1 − 𝑒 + 1 − 𝐶 1 − 𝜌𝑤𝑟𝑜𝑛𝑔𝑒

5 1 − 𝑣 = 𝑒 𝐶 + 1 − 𝐶 𝜌𝑤𝑟𝑜𝑛𝑔 = 𝑒𝐷

6 𝑒 = 1 − 𝑣 /𝐷 ⇒ 𝑞, 𝑟, 𝑤 and 𝑏, 𝑎𝑟𝑒 𝑢𝑛𝑖𝑞𝑢𝑒

Proof Skeleton — Why the Closed Form Is Forced

Correct in-list

Safe rejection

Wrong in-list

False acceptance
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a. Complement rule
b. Conditional Probability
c. Law of total probability
d. Partition identity

In-list  error magnitude

Controls wrong selection

Wrong selection out-list
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Input Features, Geometric Properties, Constraints 

Feature map and deterministic rule

𝑥𝑡 = 𝛷 ሚ𝑓𝑡 ෝ𝒂, 𝑸ෝ𝒂 , Τ𝑓𝑖 𝑓1 i=2:3, 𝑓𝑖 − 𝑓1 i=2:3, 𝐴𝑢𝑥𝑖𝑙𝑖𝑎𝑟𝑦 𝑖𝑛𝑓𝑜

z𝑡 = 𝑊 𝑥𝑡 − 𝜇𝑥

𝑔𝜃: ℝ𝑑 → 0,1,2,3
Ŷ𝑡 = 𝑔𝜃 𝒛𝑡

Same-class ε-neighborhood graph

𝐸𝜀 = (t, u): 𝑌t = 𝑌u ∧ ‖𝑧t − 𝑧𝑢‖2 ≤ 𝜀

𝐷𝜀 = ෍
𝑖,𝑗 ∈E𝜀

𝜔tu𝕝 Ŷᵢ ≠ Ŷⱼ / 𝛴 t,u ∈𝐸𝜀𝜔tu

𝐷𝜀 ≤ 𝜅 1 − 𝑣

Progressive family constraints

v2 > 𝑣1 ⇒ 𝐸𝑒𝑟𝑟𝑜𝑟 𝑣2 ⊆ 𝐸𝑒𝑟𝑟𝑜𝑟 𝑣1

v2 > 𝑣1 ⇒ 𝐷𝜀 𝑣₂ ≤ 𝐷𝜀 𝑣1

Non-circular transfer
𝑌𝑡 is used only to construct the training graph.
Held−out prediction uses z only; truth is revealed after prediction

Haxhi Amarildo Beyond the Best Candidate in IAR

Implemented construction graph

Bounded same-class k-NN + ε radius
𝐸𝜀 = { 𝑡, 𝑢 : 𝑌𝑡 = 𝑌𝑢 , 𝑢 ∈ 𝑁𝑠𝑎𝑚𝑒 𝑡

𝑘 𝑧𝑡 − 𝑧𝑢 2 ≤ 𝜀

𝜔𝑡𝑢 ∝ 𝑒𝑥𝑝{− 𝑧𝑡 − 𝑧𝑢 2/𝜀 2 

• Edges join statistically close samples only within the same 

true class.

• The surrogate should make consistent decisions for 
neighboring same-class samples.

• Only a small fraction of neighboring pairs are allowed to disagree.

Same-class neighbor (edge in 𝐸𝜀)

Different prediction (Ŷt ≠ Ŷu)

Neighborhood radius𝜀

Two nearby samples of the 

same true class receive 

different predictions:

Ŷt = 2 Ŷu = 0

Local consistency intuition

Deterministic Geometry & MILP Realization

Deterministic Geometry & MILP realization

7 / 15
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Inputs

derive q, r, w, b before 
solving optimization problem

MILP

finite-sample
decision assignment

Frozen transfer rule

1. One-hot decision variables 2. Objective

• Error allocation are already determined.
• MILP chooses where decisions/errors sit on the 
graph.

3. Feasibility constraints

MATLAB implementation Interpretation

• Feasible = deterministic, locally coherent assignment exists on the 
fixed sample.
• MILP labels construction points; frozen transfer predicts held-out 
points.
• Not a neural-network proof; it is the finite-sample surrogate 
construction step.

𝜃 = 𝑣 𝜆wrong 𝜌error 𝜀 𝜅 ƶ𝑌𝑣𝑎𝑙 = 𝑇v 𝒛𝑣𝑎𝑙

𝑦𝑡,𝑐 ∈ {0,1}, 𝑐 ∈ 0,1,2,3

෍

𝑐=0

3

𝑦𝑡,𝑐 = 1, ∀𝑡

min
{𝑧𝑡,𝑐},{𝑑𝑡𝑢}

෍

𝑡,𝑢 ∈𝐸𝜀

𝜔𝑡𝑢 𝑑𝑡𝑢.

min
𝐱

𝐟𝖳𝐱, subject to: 𝐴𝐱 ≤ 𝐛,

𝐴eq𝐱 = 𝐛eq,

0 ≤ 𝐱 ≤ 1,

𝑧𝑡,𝑐 binary

Derived allocation

𝑑𝑡𝑢

∈ 0,1  indicates edge disagreement

Feasibility system:

1. exact-input determinism: 𝑦𝑡,𝑐 = 𝑦𝑢,𝑐  𝑖𝑓𝑧𝑡 = 𝑧𝑢 ∀𝑐
2. weighted targets within ±𝛿:  𝑞, 𝑟, 𝑏, 𝑣
3. local coherence:

෍

𝑡 𝑢 ∈𝐸𝜀

𝜔𝑡𝑢 𝑑𝑡𝑢 ≤ 𝜅 1 − 𝑣 ෍

𝑡 𝑢 ∈𝐸𝜀

𝜔𝑡𝑢 .

4. nested / monotonic family constraints

C

Deterministic Geometry & MILP Realization

Deterministic Geometry & MILP realization
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MC Simulations at Measurement Level, Search Grid

Data Campaign and Parametric Search

MUGEN-PPPrtk Monte Carlo

Produce simulated 
measurements , PPP-RTK CC-1 

model, EKF, float ambiguities and 
variance, top-3 ILS candidates 

and diagnostics 

→

Integer-Rank labels

For every epoch (t) compute R

Y =  ቊ
R, R ≤ 3
0, R > 3

→

Epoch feature vector + true rank 

→

Frozen inference

ƶ𝑌 = 𝑇𝑣 𝒛 ;truth revealed after 
prediction for A and CSR

Search Grid

𝓥 = 0.94,0.95,0.955, 0.96, 0.965,0.97,0.975,0.98,0.9825,0.985,0.9875, 0.99

𝜦 = 0, 0.05, 0.10, 0.15, 0.20, 0.25, 0.375, 0.50, 0.625, 0.75

𝑷 = 2, 3,4,6,8,10, 12, 16

𝑬 = 0.35, 0.40, 0.45, 0.50, 0.60, 0.75, 0.90, 1.00

𝑲 = 0.50

𝜽 = v, λv, ρv, ε, κ

𝓖 = 𝑽 × 𝜦 × 𝑷 × 𝑬 × 𝑲 = 12 × 10 × 8 × 8 × 1 = 7680 configurations

TRN-based partitioning by complete realization

~60%  Construction

Normalization, whitening,
ε-graph and deterministic

realization

~40%  Validation

Parameter/model selection,
CSR–Availability envelope
and post-training subsets

Split by complete TRN realization — not by individual epochs — to avoid 
leakage.

(𝒗, 𝝀𝒘𝒓𝒐𝒏𝒈, 𝝆𝒘𝒓𝒐𝒏𝒈, 𝜺, 𝜿) (q, r, w, b)
Integer-only search sweeps configurable parameters only; all IAR
metrics (A, CSR) are derived from the deterministic realization.
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Configured / selected Data derived

C

Algebraically derived Evaluation outputs

𝒛 from features only
R used for 

label/evaluation

Data Campaign and Paramteric Search
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Results

CSR and A – Configured Parameters

Presenter Name

3 / 6

Results

▪ v, 𝜆wrong, and 𝜌wrong generally increase marginal Availability. 

▪ 𝜀 has a non-monotonic effect on Availability. 
▪ Marginal means remain below the RT reference. 
▪ Final A∗ > A is achieved by the joint parameter configuration + 

deterministic refinement

▪ Increasing 𝜆wrong generally decreases CSR. 

▪ Increasing 𝜌wrong also tends to reduce CSR. 

▪ 𝑣 and 𝜀 show non-monotonic CSR behavior. 
▪ Final 𝐶𝑆𝑅 improvement is very small, so Availability gains must 

be achieved while carefully preserving reliability.
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Results

Parameter Traceability

Results

▪ Higher 𝑣 generally gives higher 𝑞 and fewer errors. 
▪ 𝜆wrong shifts errors from rejection to wrong selection. 

▪ 𝜌error changes the in-list / out-of-list error balance. 

▪ 𝜀 mainly affects rank-2 / rank-3 recovery.

▪ Higher 𝑞 generally improves Availability. 

▪ More rejection 𝑟 reduces Availability but can protect CSR. 

▪ Better 𝑞2, 𝑞3, 𝑞sub helps Availability but may slightly reduce CSR. 

▪ Higher VallAcc mainly improves CSR, with a trade-off in A.
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Results

Feasibility and Non-Feasibility Search

Results

Haxhi Amarildo 112 / 15Beyond the Best Candidate in IAR
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Results

Post Construction Evaluation

Results

▪ 7.5A: improves Availability, but CSR remains below the RT 
reference. 

▪ 7.5B: improves CSR, but sacrifices Availability. 
▪ 7.5G: refinement moves the model into the strict-

dominance region. 
▪ The final operating point satisfies:
▪ ΔA>0∧ΔCSR>0​

▪ Farther upper-right means stronger simultaneous 
improvement in Availability and CSR. 

▪ C2 is the strongest joint-dominance case. 
▪ C1/C4 provide relatively stronger CSR gains, while C3/C6 

emphasize Availability gains. 
▪ C5/C7 lie very close to the boundary and therefore 

represent weak strict-dominance cases
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Summary

Conclusions, Next Steps

Conclusions and Future Work

Conclusions Future Work
1 Sub-optimal truth is exploitable

R=2 or R=3 means the truth is not rank-1, not absent from the top-3 list.

2 Strict dominance is achievable
After refinement hypAI model: ΔA=+0.0886 pp and ΔCSR=+0.0013 pp.

3 Accuracy alone is insufficient
Similar ValAcc can lead to different rejection (r), wrong selection (w) and 
false acceptance (b).

4 The graph controls error placement
Final labeling remains locally coherent: 𝐷𝜀 = 0.00704 < 0.00875.

5 Behavioral blueprint for real AI
Accept a model (for specific scenarios) only if it passes the IAR gate: 
𝛥𝐴 > 0 ∧ 𝛥𝐶𝑆𝑅 > 0.

1 Training a multi-integer ILS rank validation model
Output ƶ𝑌 ∈ 0,1,2,3 : 𝑟𝑒𝑗𝑒𝑐𝑡, 𝑎ු1, 𝑎ු2, 𝑎ු3.

2 Using a contrastive-sensitive learning paradigm
Wrong fixes shall be penalized more than rejections.

3 Reporting rank-specific metrics
Tracking q and 𝑞𝑠𝑢𝑏and local disagreement is mandatory.

4 Representing rare rank-2/3 cases
Identifying methodology for appropriately representation in the 
training datasets

5 Extending and stress-testing
Evaluate multi-GNSS, multi-frequency, kinematic and real-time 
cases.
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Thank you for you attention!!!
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   𝜔 𝐳  (  𝐳 ^ ) =  {    1 ,    𝐳 ^ ∈  S 𝐳   0 ,    𝐳 ^ ∉  S 𝐳


  ℐ  (  𝒙 ^ ) =      {    { 1 , … , n } ,   𝒙 ^ ∈  A 𝜏   ⌀ ,  𝒙 ^ ∈  R 𝜏  , S :  ℝ n ×  ℝ d →  ℤ n ∪  ℤ 0 .


   𝐳 ˇ = S  (  𝐳 ^ ,  𝒙 ^ ) =  {      ∑  𝐳 ∈  ℤ n ​   𝜔 𝐳  (  𝐳 ^ )   𝐳 ,   𝒙 ^ ∈  A 𝜏    [   ] ,   𝒙 ^ ∈  R 𝜏    


   A 𝜏 =  {  𝒙 ^ ∈  ℝ d :  g 𝜃  (  𝒙 ^ ) > 𝜏 }


   ℛ 𝜏 =  ℝ d \  A 𝜏


     {     𝒃 ˇ =  𝒃 ^ −  𝑸   𝒃 ^  𝒂 ^  𝑸   𝒂 ^  − 𝟏  (  𝒂 ^ −  𝒂 ˇ )    𝒃 ^ ,  𝒂 ^                                                                                        


   {     𝐚 ˇ =  𝐙  − T  𝐳 ˇ ,   𝒙 ^ ∈  A 𝜏    𝐚 ^ ,    𝒙 ^ ∈ R 𝜏 


  𝒚 = 𝑨 𝒂 + 𝑩 𝒃 + 𝜼 ,  {    𝒚 ∈  ℝ m ,   𝒂 ∈  ℤ n , 𝒃 ∈  ℝ p , 𝜼 ∈  ℝ m ~ 𝒢  ( 0 ,  𝑸 𝒚 )   𝑨 ∈  ℝ  m × n , 𝑩 ∈  ℝ  m × p ,  𝑸 𝒚 ∈  ℝ  m × m                                


  →


   {     [     𝒂 ^    𝒃 ^ ] =  (  [     𝑨 T    𝑩 T ]  𝑸 𝒚  − 1  [    𝑨  𝑩 ] )  𝑸 𝒚  − 1 𝒚 ,      𝒂 ^ ∈  ℝ n ,  𝒃 ^ ∈  ℝ p                                                              [     𝒂 ^    𝒃 ^ ] ~ 𝒢  (  [    𝒂   𝒃 ] ,  [     𝑸   𝒂 ^   𝑸   𝒂 ^  𝒃 ^    𝑸   𝒃 ^  𝒂 ^   𝑸   𝒃 ^ ] ) ,  𝑸   𝒂 ^ ∈  ℝ nxn ,  𝑸   𝒃 ^ ∈  ℝ pxp ,  𝑸   𝒃 ^  𝒂 ^ ∈  ℝ pxn  


  →


  →


  →


  ∗


  ∗


  𝛈 =  𝛆 noise +  𝛅 mis +  𝛃 unmod   ⇒    𝐚 ^ = 𝐚 +  𝐞 a   ⇒   Pr ​  (    𝐚 ˇ 1 ≠ 𝐚 ) > 0


   Η 1 : ∃θ ∈ 𝒢:  A ∗  ( θ ) > A  ( μ )   ∧    CSR ∗  ( θ ) > CSR  ( μ )


   Η 0 : ∀ θ ∈ 𝒢:  A ∗  ( θ ) ≤ A  ( μ )  ∨   CSR ∗  ( θ ) ≤ CSR  ( μ )


   q  s u b ∗   =   P  (  Y ^ = R | R ∈  { 2 , . . . K } )


   H 2 :  q  s u b ∗ > 0 ,   w h e r e a s    q  s u b = 0   b y   d e f i n i t i o n


  A = F / N , C S R = C F / F


   A ∗ > A ⇔ 𝛥 F > 0


    C S R ∗ > C S R ⇔ 𝛥 C F > C S R ∙ 𝛥 F


  R =  { j ≥ 1 :    𝒂 ˇ j = 𝒂 } ,


  L =  { R ≤ K } ,


  O = R > K ,


  C = P  ( L )


   y ˆ =  g 𝜃  (  𝒙 ^ ) ∈  { 0 , 1 , . . . , K } ,  


  0 = r e j e c t ,   k =   accept      𝒂 ˇ k


  Y = R , i f   R ≤ K


  𝛶 = 0 ,   i f   R > K


  ∗ ≡ h y p o t h e t i c a l   A I


  q = P  ( Ŷ = R | L )


  r = P  ( Ŷ = 0 | L ) ,


  w = P  ( Ŷ ≠ R , Ŷ > 0 | L ) ,


  b = P  ( Ŷ > 0 | O ) ,


  q + r + w = 1


  e = 1 − q


   𝜆  e r r o r = w / e ,


   𝜌  w r o n g = b / e ,


  D = C +  ( 1 − C )  𝜌  w r o n g


  e =  ( 1 − v ) / D


  q = 1 − e


  r =  ( 1 −  𝜆  e r r o r ) e


  w =  𝜆  e r r o r e


  b =  𝜌  w r o n g e


  q , r , w , b


  P  ( Ŷ = Y ) = P  ( Ŷ = R , L ) + P  ( Ŷ = 0 , O )


  v = C q +  ( 1 − C )  ( 1 − b )


  q = 1 − e , b =  𝜌  w r o n g e


  v = C  ( 1 − e ) +  ( 1 − C )  ( 1 −  𝜌  w r o n g e )


  1 − v = e  [ C +  ( 1 − C )  𝜌  w r o n g ] = e D


  e =  ( 1 − v ) / D ⇒ q , r , w   and   b ,   a r e   u n i q u e


   x t = 𝛷  (    f ~ t  (  𝒂 ^ ,  𝑸   𝒂 ^ ) ,    (    f i /   f 1 )  i = 2 : 3 ,    (  f i −  f 1 )  i = 2 : 3 , A u x i l i a r y   i n f o )


   z t = W  (  x t −  𝜇 x )


   g 𝜃 :  ℝ d →  { 0 , 1 , 2 , 3 }


   Ŷ t =  g 𝜃  (  𝒛 t )


   E 𝜀 =  { ( t , u ) :  Y t =  Y u ∧ ‖  z t −  z u  ‖ 2 ≤ 𝜀 }


   D 𝜀 =  [   ∑   ( i , j ) ∈ E 𝜀   𝜔 tu 𝕝  ( Ŷ ᵢ ≠ Ŷ ⱼ ) ] /  [  𝛴   ( t , u ) ∈ E 𝜀  𝜔 tu ]


   D 𝜀 ≤ 𝜅  ( 1 − v )


   v 2 >  v 1 ⇒  E  e r r o r  (  v 2 ) ⊆  E  e r r o r  (  v 1 )


   v 2 >  v 1 ⇒  D 𝜀  ( v ₂ ) ≤  D 𝜀  (  v 1 )


   Y t


  is used only to construct the training graph.


  Held−out prediction uses z only; truth is revealed after prediction


   E 𝜀 = {  ( t , u ) :  Y t =  Y u , u ∈  N  s a m e  ( t ) k    ‖  z t −  z u ‖ 2 ≤ 𝜀


   𝜔  t u ∝ e x p { −    (    ‖  z t −  z u ‖ 2 / 𝜀 ) 2  


   E 𝜀


  𝜀


  𝜃 =  ( v ,   𝜆 wrong ,   𝜌 error , 𝜀 , 𝜅 )


     Y ˆ  v a l =  T v  (  𝒛  v a l )


   y  t , c ∈ { 0 , 1 } ,


  c ∈  { 0 , 1 , 2 , 3 }


    ∑  c = 0 3   y  t , c = 1 ,   ∀ t


   min  {  z  t , c } , {  d  t u }   ∑   ( t , u ) ∈  E 𝜀 ​   𝜔  t u  d  t u .


   min 𝐱    𝐟 𝖳 𝐱 , subject   to :


  A 𝐱 ≤ 𝐛 ,


   A eq 𝐱 =  𝐛 eq ,


  0 ≤ 𝐱 ≤ 1 ,


   z  t , c


   d  t u ∈  [ 0 , 1 ]   indicates   edge   disagreement


   y  t , c =  y  u , c   i f  z t =  z u   ∀ c


  ± 𝛿 :   q ,   r ,   b ,   v


    ∑   ( t , u ) ∈  E 𝜀 ​   𝜔  t u  d  t u ≤ 𝜅  ( 1 − v )   ∑   ( t , u ) ∈  E 𝜀 ​   𝜔  t u .


  Y   =    {    R ,   R ≤ 3   0 ,   R > 3


   Y ˆ =  T v  ( 𝒛 ) ;


  𝓥 =  { 0 . 94 , 0 . 95 , 0 . 955 ,   0 . 96 ,   0 . 965 , 0 . 97 , 0 . 975 , 0 . 98 , 0 . 9825 , 0 . 985 , 0 . 9875 ,   0 . 99 }


  𝜦 =  { 0 ,   0 . 05 ,   0 . 10 ,   0 . 15 ,   0 . 20 ,   0 . 25 ,   0 . 375 ,   0 . 50 ,   0 . 625 ,   0 . 75 }


  𝑷 =  { 2 ,   3 , 4 , 6 , 8 , 10 ,   12 ,   16 }


  𝑬 =  { 0 . 35 ,   0 . 40 ,   0 . 45 ,   0 . 50 ,   0 . 60 ,   0 . 75 ,   0 . 90 ,   1 . 00 }


  𝑲 =  { 0 . 50 }


  𝜽 =  ( v ,    λ v ,  ρ v ,   ε ,   κ )


   | 𝓖 | = 𝑽 × 𝜦 × 𝑷 × 𝑬 × 𝑲 = 12 × 10 × 8 × 8 × 1 = 7680


  ( 𝒗 ,    𝝀  𝒘 𝒓 𝒐 𝒏 𝒈 ,  𝝆  𝒘 𝒓 𝒐 𝒏 𝒈 ,   𝜺 ,   𝜿 )


  𝒛  


   𝜆 wrong


   𝜌 wrong


  𝜀


   A ∗ > A


   𝜆 wrong


   𝜌 wrong


  v


  𝜀


  C S R


  v


  q


   𝜆 wrong


   𝜌 error


  𝜀


  q


  r


   q 2 ,  q 3 ,  q sub


   D 𝜀 = 0 . 00704 < 0 . 00875


  𝛥 A > 0  ∧  𝛥 C S R > 0


   Y ˆ ∈  { 0 , 1 , 2 , 3 } : r e j e c t ,    a ˇ 1 ,    a ˇ 2 ,    a ˇ 3


   q  s u b

