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Challenges & Significance

1.1 Research Background

1

1~10Hz Up to 100Hz

GPS-only（1995）

24 satellites

Dual-frequency

100+ satellites

10+ frequency

Multi-GNSS（now）

Low-rate sampling

Better positioning performance

✓ Greater availability

✓ Faster convergence

✓ Higher positioning accuracy

More applications:

✓ High-dynamic positioning

✓ Structural vibration monitoring

✓ Ionosphere scintillation

Benefits

High-rate sampling

①

②

However, mass-market GNSS chips/modules have limited computing resources and therefore struggle to

support high-rate positioning in multi-GNSS scenarios. Therefore, improving the data-processing efficiency is

very important.



The developments of GNSS models and Least Square estimation theory

1.2 Review

RTD (DGPS) RTK PPP PPP-RTK

Least Square (LS)

(Remondi, 1985)
(Zumberge et al, 

1997)

(Wübbena et al,

2005)(1983)

𝑦 = 𝐴𝑥 + 𝑣

Linear model Objective function LS solutions

ො𝑥 = 𝐴𝑇𝑄−1𝐴 −1𝐴𝑇𝑄−1𝑦

𝑃 ො𝑥 = 𝐴𝑇𝑄−1𝐴 −1

𝑤ℎ𝑒𝑟𝑒 𝐸 𝑣 = 0, Cov 𝑣 = 𝑄

ො𝑥 = argmin 𝐽 𝑥
𝑥

𝐽 𝑥 = 𝑦 − 𝐴𝑥 𝑇𝑄−1 𝑦 − 𝐴𝑥

GNSS models

Minimum Variance Criterion
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From Batch Least Squares to Kalman Filtering

1.2 Review

𝑦 =

𝑦0
𝑦1
⋮
𝑦𝑡

A =

𝐴0
𝐴1
⋮
𝐴𝑡

𝑄 =

𝑄0
𝑄1

⋱
𝑄𝑡

Batch processing of LS

ො𝑥 = 𝐴𝑇𝑄−1𝐴 −1𝐴𝑇𝑄−1𝑦

Processing all epochs simultaneously is 

computationally expensive.

1. Observation noise is uncorrelated in time;

4. Initial state error is uncorrelated with the observation noise.

3. Process noise and observation noise are uncorrelated;

Assumptions 

2. Process noise is uncorrelated in time;

Step 2: Time update (TU)

𝑘 = 1,2, … , 𝑡

Standard Kalman filter (KF) (Kalman, 1960)

Step 3: Measurement update (MU)Step 1: Initialization
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Sequential Kalman filter (SKF)

1.2 Review

At epoch k, we assume that 𝑸𝒌 (VCM of observations) is a diagonal matrix 

𝑦𝑘 =

𝑦𝑘
1

𝑦𝑘
2

⋮
𝑦𝑘
𝑚

𝑚×1

𝐴𝑘 =

𝑎𝑘
1

𝑎𝑘
2

⋮
𝑎𝑘
𝑚

𝑚×𝑛

𝑄𝑘 =

𝑞𝑘
1

𝑞𝑘
2

⋱
𝑞𝑘
𝑚

𝑚×𝑚

∈ ℝm×m ∈ R

One-step matrix inversion m-step scalar division

𝑎𝑘
𝑖 Row vector

scalar

scalar

𝑦𝑘
𝑖

𝑞k
𝑖

4
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Applications of SKF in GNSS 

1.3 Discussion

𝑄𝑟 =

𝑞𝑟
1

𝑞𝑟
2

⋱
𝑞𝑟
𝑚

𝑄1 + 𝑄2 =

𝑞12
1

𝑞12
2

⋱
𝑞12
𝑚

𝑍𝑄𝑟𝑍
𝑇 =

𝑞𝑟
1 + 𝑞𝑟

2 𝑞𝑟
1 𝑞𝑟

1

𝑞𝑟
1 𝑞𝑟

1 + 𝑞𝑟
3 𝑞𝑟

1

⋱
𝑞𝑟
1 𝑞𝑟

1 𝑞𝑟
1 + 𝑞𝑟

𝑚

Δ−1𝑦𝑘
ത𝑦𝑘

= (Δ−1𝐴𝑘)
ҧ𝐴𝑘

𝑥𝑘 + Δ−1𝑣𝑘
ത𝑣𝑘

ത𝑦𝑘 = ҧ𝐴𝑘𝑥𝑘 + ҧ𝑣𝑘

Equivalent transformation

Cov ҧ𝑣𝑘 = 𝐸

𝑄𝑘 = ΔΔ𝑇

ҧ𝑣𝑘 = Δ−1𝑣𝑘

Identity matrix

Whitening

We usually can avoid the correlations introduced by inter-satellite difference or other linear combinations!

Undifferenced Inter-station differenced Inter-satellite differenced

Station 1

Station 2

Decorrelation

Δ−1𝑄𝑘Δ
−𝑇 = 𝐸

CholeskyWhat should we do if 

𝑸𝒌 is not a diagonal 

matrix?
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Review of LS, KF and SKF

Can we further improve the computational efficiency based on the SKF?

2 Methodology

Assumption 1 Assumption 21. Batch Least Square 2. Kalman filter 3. Sequential Kalman filter

All epochs processed 

together
Epoch-by-epoch 

update

Observation-by-observation 

update

𝑦 =

𝑦0
𝑦1
⋮
𝑦𝑡

Epoch

decomposition

Cov(𝑣𝑖 , 𝑣𝑗)=0,

𝑖 ≠ 𝑗

Observation 

noise is 

uncorrelated in 

time

Observation 

noise is 

uncorrelated 

within an epoch

Cov(𝑣𝑘
𝑖 , 𝑣𝑘

𝑗
)=0,

𝑖 ≠ 𝑗Prediction 

Update 

𝑦k
1 𝑦k

2 𝑦k
𝑚

→ → →…

Scalar

decomposition

𝑦𝑘 ∈ ℝm, 𝑘 = 0,1,… , 𝑡

Measurement dimension reduction
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Sparse Coupling characteristic in GNSS Observation Models

2 Methodology

Two Classes of Parameters

Echelon Design Matrix

Can we conduct variable-dimension (VD) update based on such a echelon structure to avoid redundant

computation and further improve the efficiency?

Common parameter Non-common parameter Zero element

𝑨𝒌

𝒂𝒌
𝟏

𝒂𝒌
𝟐

𝒂𝒌
𝒎

Row vectors in different dimension 

𝒂𝒌
𝟑

∈ ℝ𝟒

∈ ℝ𝟒

∈ ℝ𝟒

𝐂
𝐨
𝐝
𝐞

𝐏
𝐡
𝐚
𝐬𝐞

∈ ℝn

𝒂𝒌
𝟒 ∈ ℝ𝟔

…

∈ ℝm×n

Design matrix segmentation and reduction

split into
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A Single Example for Variable-Dimension (VD) State Vector Update

2 Methodology

When 𝑷𝒌|𝒌−𝟏 is diagonal, the Kalman gain of parameters unrelated to the current observation is zero.

These parameters are not updated and don‘t need to be involved in the computation.

Full-dimension update could be replaced by variable-dimension update, avoiding redundant computations.

𝑃𝑐
0

𝑃𝑡
0

0

0
𝑃𝑘|𝑘−1 = 𝑃𝑐 ∈ ℝ𝑛𝑐×𝑛𝑐 , 𝑃𝑡 ∈ ℝ𝑛𝑡×𝑛𝑡

𝑥𝑘|𝑘−1 = 𝑥𝑐
0 𝑥𝑡

0 𝑥𝑐
0 ∈ ℝ𝑛𝑐×1, 𝑥𝑡

0 ∈ ℝ𝑛𝑡×1

𝐴𝑘
𝑎11

𝑎21 𝑎22

0𝑎1 =

𝑎2 =

P
re

d
ic

ti
o
n
 a

ft
e
r 

T
U

𝑇

Common parameters Non-common

𝑎11 ∈ ℝ1×𝑛𝑐 ,

𝑎22 ∈ ℝ𝑛𝑡×1

D
e

s
ig

n
 m

a
tr

ix

Diagonal or block-diagonal

1. Assumption 2. Partial gain

𝐾1 =
𝑃𝑘|𝑘−1𝑎1

𝑇

𝑎1𝑃𝑘|𝑘−1𝑎1
𝑇 + 𝑞1

𝑦𝑘 =
𝑦1
𝑦2

where 𝑃𝑘|𝑘−1𝑎1
𝑇 = 𝑃𝑐

0𝑎11
𝑇

0

𝐾1 =
𝐾𝑐,1
0

3. State update

Conclusion 

Only the parameter 𝒙𝒄 𝐫𝐞𝐥𝐚𝐭𝐞𝐝
to 𝒚𝟏 are changed. The 𝒙𝒕
keep the same as the

prediction

When process the first observation

Gain for the non-common 
parameters is zero

𝐾𝑐
1 =

𝑃𝑐
0𝑎11

𝑇

𝑎11𝑃𝑐
0𝑎11

𝑇 + 𝑞1

The gain from the 𝒚𝟏

Echelon structure

=
𝒙𝒄
𝟏

𝒙𝒕
𝟏 =

𝒙𝒄 + 𝑲𝒄
𝟏(𝒚𝟏 − 𝒂𝟏𝟏𝒙𝒄

𝟎)

𝒙𝒕
𝟎

ෝ𝒙𝒌
𝟏 = 𝒙𝒌|𝒌−𝟏 +𝑲𝟏(𝒚𝟏 − 𝒂𝟏𝒙𝒌|𝒌−𝟏)

No change
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Variable-Dimension (VD) State Vector Update

2 Methodology

Obs 1 Obs 2 Obs 3 Obs 𝒎

𝒚𝟏 𝒚𝟐 𝒚𝟑 𝒚𝒎…

𝒂𝟏 = 𝒂𝟏𝟏 𝒂𝟏 = 𝒂𝟏𝟏 𝒂𝟐𝟏 𝒂𝟏 = 𝒂𝟑𝟏 𝒂𝟑𝟐 𝒂𝟑𝟑 𝒂𝟏 = 𝒂𝒎𝟏 … 𝒂𝒎𝒏

𝒙𝒄

𝒙𝒄

𝒙𝒕𝟏

Common 

parameters
Common 

parameters

New non-common 

parameters

(e.g., amb. of sat 1)

𝒙𝒄

𝒙𝒕𝟏

Common 

parameters

Non-common 

parameters

(e.g., amb. of sat 1)

𝒙𝒕𝟏
New non-common 

parameters

(e.g., amb. of sat 2)

𝒙𝒄
Common 

parameters

All non-common 

parameters 

introduced step by 

step

𝒙𝒕𝟏
𝒙𝒕𝟐
⋮
𝒙𝒕𝒑

Observations

sequence 

Design row vector

State vector

State dimension

ෝ𝒙𝟏 = ෝ𝒙𝟐 = ෝ𝒙𝟑 = ෝ𝒙𝒎 =

Common parameters (always estimated) Non-common parameters (introduced when needed)

…

…

𝒏𝒄 𝒏𝒄 + 𝒏𝒕𝟏 𝒏𝒄 + 𝒏𝒕𝟏 + 𝒏𝒕𝟐 𝒏𝒄 +෍
𝒊=𝟏

𝒑

(𝒏𝒕𝒊)

In VD update processing, only the parameters related to the current observation are estimated. New

parameters are introduced only when they appear in the design matrix
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VD Update in Single-Epoch Processing

2 Methodology

The VD update requires the predicted VCM (𝑷𝒌|𝒌−𝟏 ) to be diagonal, which can be achieved in single-

epoch processing.

No prior information

In the limiting case, the Kalman filter solution is

equivalent to the LS solution.

𝑃𝑘|𝑘−1 =

+∞
+∞

⋱
+∞

However, an infinite value cannot be represented in a

computer. To meet the requirements of Kalman filtering, we

can instead assign an rough initial value to each parameter

with a very large variance.

Assign a

very large

variance

ො𝑥𝑘 = 𝐴𝑘
𝑇𝑄𝑘

−1𝐴𝑘
−1
𝐴𝑘
𝑇𝑄𝑘

−1𝑦𝑘=

KF LS
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VD Update in Multi-Epoch Processing

4. Sequential MU

൝
ෝ𝒙𝒌|𝒌−𝟏 = 𝐹𝑘|𝑘−1 ො𝑥𝑘−1 + 𝐵𝑘|𝑘−1𝑢𝑘−1 + 𝑤𝑘|𝑘−1

𝑷𝒌|𝒌−𝟏 = 𝐹𝑘|𝑘−1𝑃𝑘−1𝐹𝑘|𝑘−1
𝑇 + 𝑄𝑝𝑟𝑜

1. TU (prediction)

𝑃𝑘|𝑘−1 = 𝐿𝐷𝐿𝑇LDLT decomposition:

3. Transform the observation function

2. Decorrelation

𝑫 = 𝐿−1𝑃𝑘|𝑘−1 𝐿−1 𝑇

ො𝒛 = 𝐿−1 ො𝑥𝑘|𝑘−1

𝐾𝑘
𝒊 = 𝑫𝒊−𝟏𝒂𝑘

𝒊 𝒂𝑘
𝒊 𝑫𝒊−𝟏𝒂𝑘

𝒊 + 𝒒𝑘
𝒊 −1

൯ො𝒛𝒊 = ො𝒛𝒊−𝟏 + 𝐾𝑘
𝒊(𝒚𝑘 − 𝒂𝑘

𝒊 ො𝒛𝒊−𝟏

𝑫𝒊 = 𝑫𝒊−𝟏 − 𝐾𝑘
𝒊𝒂𝑘

𝒊−𝟏𝑫𝒊−𝟏

𝑃𝑘 = 𝑳ഥ𝐷𝑳𝑻

ො𝑥𝑘 = 𝑳ො𝒛

5. Back-transform 

Predicted parameters are correlated

New parameter 

space

𝑦𝑘 = 𝐴𝑘𝑥𝑘 + 𝑣𝑘

𝑦𝑘 = 𝐴𝑘𝐿 𝐿−1𝑥𝑘 + 𝑣𝑘

𝒛𝑯

𝑦𝑘 = 𝐻𝑧 + 𝑣𝑘

Variable-Dimension update

2 Methodology

However, in multi-epoch processing, predicted 𝑷𝑘|𝑘−1 is usually not a diagonal matrix after time update.

Recover state vector and covariance

Transformed parameters are uncorrelated

11



Discussion

2 Methodology

The VD update is a general strategy for sequential processing. Therefore, it can also be integrated into

other advanced sequential Kalman filter variants, such as the Square root covariance filter (SRCF) and

U-D factorization filter (UDF).

The VD update does not change the measurement update procedure. It only keeps the state vector and

its covariance matrix (VCM) at the minimum required dimension during each measurement update, instead

of using the full-dimension update. Therefore, redundant computations can be avoided and the

computational efficiency can be improved.

2. Can the VD strategy be extended to other filters?

1. What does the VD update change?

In this study, we integrate the VD strategy into the UDF and develop the VD-UDF method. The UDF is

selected because of its good numerical stability and high computational efficiency. In the following

experiments, VD-UDF is compared with the standard UDF, (KF in information form) KF-I, and (Square Root

Information Filter) SRIF to evaluate its computational efficiency.

12
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Setup

3.1Experiment Setup

Two stations from Australian CORS

Data Low-cost hardware platform

Price: 
30~40 US dollar

Manufacture: 
Allwinner

GNSS model and processing modes Efficiency Comparison

SD RTK

UC PPP

Single-epoch (SE)

Multi-epoch (ME)

13

Traditional methods:

Modified method:

standard UDF, KF-I, and SRIF

VD-UDF

Widely used in industrial GNSS application



Theoretical Analysis

3.2 Comparison of Computational Efficiency

Method Mode Addition Multiplication Division Square root

KF-I Single-epoch
𝑚𝑛2 +

𝑛3

2
+ 𝑚𝑛 −

5𝑛

2
𝑚𝑛2 +

𝑛3

2
+ 2𝑚𝑛 + 𝑛2 +

𝑛

2

𝑛2 𝑛

Multi-epoch 2𝑚𝑛2 + 𝑛3 + 𝑚𝑛 − 𝑛 2𝑚𝑛2 + 𝑛3 + 3𝑚𝑛 + 𝑛 2𝑛2 2𝑛

SRIF Single-epoch
𝑚𝑛2 −

5𝑛

6
+
𝑛2

2
𝑚𝑛2 +𝑚𝑛 + 𝑛2 +𝑚 +

2𝑛

3

𝑛2

2
+
3𝑛

2

𝑛

Multi-epoch
𝑚𝑛2 +

4𝑛3

3
+ 𝑛2 −

5𝑛

3
𝑚𝑛2 +

4𝑛3

3
+𝑚𝑛 +

3𝑛2

2
+𝑚 +

5𝑛

6

3𝑛2

2
+ 𝑚𝑛 +

3𝑛

2

2𝑛

UDF Single-epoch 3𝑛2𝑚

2
+
𝑛3

6
+
7𝑛𝑚

2
−
𝑛

6

3𝑛2𝑚

2
+
𝑛3

6
+
5𝑛𝑚

2
+ 𝑛2 +

5𝑛

6

3𝑛𝑚 0

Multi-epoch 3𝑛2𝑚

2
+
𝑛3

3
+
7𝑛𝑚

2
+
𝑛2

2
+
𝑛

6

3𝑛2𝑚

2
+
𝑛3

3
+
5𝑛𝑚

2
+ 2𝑛2 −

𝑛

3

𝑛 + 3𝑛𝑚 0

VD-UDF Single-epoch
෍

𝑖=1

𝑚 3𝑛𝑖
2 + 7𝑛𝑖
2

+
𝑛3

6
+ 2𝑚𝑛 −

𝑛

6
෍

𝑖=1

𝑚 3𝑛𝑖
2 + 5𝑛𝑖
2

+
𝑛3

6
+ 𝑛2 + 2𝑚𝑛 +

5𝑛

6

3𝑛𝑚 0

Multi-epoch
෍

𝑖=1

𝑚 3𝑛𝑖
2 + 7𝑛𝑖
2

+
𝑚𝑛2

2
+
𝑛3

2
+
3𝑛2

2
+
3𝑚𝑛

2
− 𝑛 ෍

𝑖=1

𝑚 3𝑛𝑖
2 + 5𝑛𝑖
2

+
𝑚𝑛2

2
+
𝑛3

2
+
5𝑚𝑛

2
+
7𝑛2

2

2𝑛 + 3𝑛𝑚 0

14

If we know the number of observations (m), the number of estimable parameters (n), and the

structure of the design matrix, we can count the required operations. Then, we can theoretically evaluate

their expected time efficiency.



Theoretical Analysis

3.2 Comparison of Computational Efficiency

The improvement in time-efficiency of VD-

UDF compared to UDF/KF-I/SRIF:

Time consumption of VD-UDF

Time consumption of UDF/KF-I/SRIF

15
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Theoretical Analysis

3.2 Comparison of Computational Efficiency

Phenomenon 1:

Phenomenon 2:

For RTK processing, VD-UDF achieves a greater efficiency gain in single-epoch (SE) than in multi-epoch (ME).

For multi-epoch processing, VD-UDF achieves a greater efficiency gain in RTK than in PPP.

RTK(SE) RTK(ME) PPP(ME)

UDF 71.60% > 34.40% > 20.90%

KF-I 63.00% > 54.00% > 48.00%

SRIF 51.60% > 34.40% > 20.90%

The improvement in time-efficiency of VD-UDF

compared to UDF/KF-I/SRIF:

SD RTK don’t estimate ionosphere

parameters, whereas UC PPP does.

Consequently, the PPP design matrix is

denser than the RTK design matrix.

Code 

Phase 

Code 

Phase 

Structure of SD-RTK design matrix Structure of UC-PPP design matrix

Amb
AmbIon

Reason:

Reason:

Multi-epoch processing requires additional operations, including decorrelation of predicted covariance matrix 𝑃𝑘|𝑘−1
and the transformation of state vector ො𝑥𝑘|𝑘−1, whereas these operations are not required in single-epoch processing.

16



Evaluation Based on Real GNSS Data

System/Frequency
Average number of 

satellites

E/(E1+E5a) 7.3

G/(L1+L2) 8.9

C/(B1I+B3I) 12.4

GE/(L1+L2)+ (E1+E5a) 16.1

EC/ (E1+E5a)+ (B1I+B3I) 19.7

GC/(L1+L2)+ (B1I+B3I) 21.3

GEC/(L1+L2)+ (E1+E5a)+ 

(B1I+B3I)
28.5

GNSS system/frequency combination

3.2 Comparison of Computational Efficiency

Time consumption of VD-UDF, UDF, KF-I and 

SRIF

17

In this experiment, we processed real GNSS data on a low-cost hardware platform using four different

methods.



Evaluation Based on Real GNSS Data

3.2 Comparison of Computational Efficiency

The efficiency improvement of VD-UDF compared with UDF, KF-I and SRIF

The efficiency improvement with real data is also consistent with our expectations.

18
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4 Summary

Summary

◼ To summarize, the proposed VD-UDF significantly improves GNSS data-processing

efficiency while maintaining the same numerical results as traditional methods.

◼ Therefore, this method has great potential for real-time, high-rate sampling, and multi-

GNSS data processing, especially for low-cost devices with limited computing

resources.
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