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Theoretical GNSS / Integer Ambiguity Resolution Roadinan

0 Problem and motivation

® Can Al be utilized for RAR in IAR? Why multi-candidate validation matters?

e Hypotheses and derivation

® Theoretical gap, CSR-availability and recoverability hypotheses

e Mathematical formulation and implementation

® Notation, Al model architecture, training datasets, ANNs’ information flow

o Development

e Al Model Implementation, Positioning Engine, Data Campaign
° (Preliminary) Results

¢ Al model training and interpretation, RT/FFRT/AI comparison

° Conclusion and Future Work

°
Lessons learnt and next steps
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Problem Definition and Motivation

0 GNSS Integer Ambiguity Resolution (IAR) for Precise Positioning: Estimation and Validation
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Bridge to next slide

Can Artificial Intelligence (Al) be exploited for Reliable Ambiguity Resolution
(RAR) in the validation phase of the IAR optimization framework?

Haxhi Amarildo Al for RAR GNSS
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Theoretical Gap

Q Artificial Intelligence (Al) for Reliable Integer Ambiguity Resolution (RAR) in GNSS

H1 — Simultaneous performance superiority H2 — Recovery beyond the ILS optimum when a, + a
Conditional Success Rate: Ps= P(correct | fix) True integer a rank, Ryrye = rank(@rye) € {2, ..., k}
Fixing Rate (availability): Pr = P(fix) Al scores candidates py, ..., pg, R = a_lr{gma)}( Dj)Pmax > To
Al Al JE{1,...K
Hy: (PS > PS) A (Pf > Pf) Hy:  Precsub > Proec,sub
Al Al : < 0
Ho: (Ps <Ps) v (Pr < Py) P20t Precsub = Frecsub .
P = P(R = Rirye > R €{2,..,
Both reliability and fixing availability must improve rec,sub ( true> Pmax =~ To | true € { })
Existing Al validation models exhibit a PSAI- Can Al-based validation recover the true integer candidate?
P;I availability trade-off Existing Al & conventional validation validate only a,

Why multi-integer candidate ambiguities validation matters?

Top-K ILS integer ambiguity candidates ordered by squared norm:

Rg = {G}R=1, L1 <+ < Ly, @; = argmin fy (@), V,.(#,) € {A R},*= (conv,Al) fi 5@ = (@—a)'Qz' (@ - a)
aAcRk

Bridge to sub-sequent slides

How should the Al-based Validation model be designed for real time efficient implementation and
simultaneously test H1 and H2?

Haxhi Amarildo Al for RAR GNSS
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Architecture Design of Al-based Validation Model

UMachine Learning (ML) methodological dimensions: learning paradigm, training paradigm, and modeling paradigm.
® Learning Paradigm

i i i _
Generative: learn representations by modelling  p(x)

Discriminative: learn representations by modelling p(y|x) Generative p(x) P(Xtarget[Xcontext) p(ylx)
Contrastive: learn representations by modelling  x* ~ p*(:|x) and x™ ~ p~(:|x) —— - 3
e ) |x x) (ylx)
® Training Paradigm p(|x) p(7I r(y|

Unsupervised: x — structure / representation (no target) Contrastive = p(slxx) p(s|xx,y.y")
Supervised: X—>y (external target)

it Layer  Hidme Laper Ou Lawer  bgwl Cals Reswmst Colls  Out Cells gt Convohdien  Poding  Fuly Connes. Ougpt
Self-supervised: x = ¥ = T(x) (target generated from data) > S— \
i . “u . _ ‘._
® Model Paradigm OO - | OO0 e ‘ B O
ANN: h® =% h® = ¢@O(WORED 1 p®), ¢=1,..,I, §=h®. Y507 | oLBAGAC e
RNN:  h; = ¢(WypX, + Wpphe g + by), ¢ = g(Wnyh, +by). J J—O—0—C _ J
®) €3] e ) (£-1) ®) AL ANN b} RNN r-...-r.r:-.gm o
CNN: B = ()" R4, k=10 ' |
=
® Almodeldesign o
Sample positive key for Sample query  Sample negative key for i
. Evenavery g o from dataset ® givenquery R , Features vector x from which
9 i p(cH|g) P(@) p(k~|g) § meaningful representation can be
Label for positive sample: Aoneonoee e 5 1 extracted for deciding whether to
1. 2D coordinates <5 cm and k* q k™

accept the fixed solution or reject it

| * Label for negative sample:

; 1. 2D coordinates >=5 cm
Fully Connected Neural Network, which <77 .

g 2. fus(@ # fus(@)
extracts meaningful representation f
from the input features | . 9

2. fus(@) = fus(a)

50up — ZL;oup _ Z -1 Z e exp(z - 2,/7) Used only during training to compute
=i POl &t Zaeaw xPi * 2a/7) contrastive loss, as a Multi-Layer
Perception

Haxhi Amarildo
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Input Features

Mathematical construction from ILS candidates to Al input and training datasets, through PPP-RTK Monte Carlo simulations

1 Estimation 2 Feature Generation = Labels
LAMBDA*

PPP-RTK a, &r szr = [ﬁll 621 ey EK]TI Where 6[{, = [dilll ey di;n]T; I = 117)-)71 [{\dli 11}7 o {EK, lK}] ll,K = 1' lf C\iK =aq, else ll,K =0
Simulation {
e biB'wa Qia - b=b—Qp07" @—ay) ~ [{8byloa} - {Abilik}] 1k = Lif [bx —b| <Scmelsely =0

2 . .
Generic feature constructlon

R; ~ Rk — FE a
{x yx} = fILS(A) — Ry, R — Ry, ADOP, HDOP, #GNSS, #f, #8, #4 |, y&},s = 1,2, ..., S, fis(@) = — {fILSA( )}' Rk = [1a — akllg,
Rl Rl D{fiLs(@)}

ey ~ — X M o0 32 ! S= A
Positive class: @;; ' = a && |b — b| <5cm Negative class: @;;¢" Z a || |b — b| =>5cm
i i d . d d s’ _ T
3 Augmentation (label retain) (x,y), xERYy €Y, AR XY ->REXY,xg = [A1(x1), . Ag(xq)]

IF# | Min  Max Mean Median ~ Std 3 s Jarmges por labell lsbat) combdoation ( f (A, 0 Q )
IFI | -848 | 403.85  |2542 |271 5602 |-399 |27.80 s\, a4y, g
IF2 |1 | 228431.80 | 3917.53 | 1007.43 | 9089.83 | 122.44 | 3921.05 C’ql (d', ai, Qd, n) - fILS(a al’ Qﬁ) —n,if IFl
IF3 |1 | 22944254 | 394578 | 1027.20 | 911599 | 12822 | 3959.46 —_—
1F4 | 0.00 |2099.66 | 18392 |9609 |25251 |3206 |21525 2n

, : : ( 1T
IF5 | 0.00 |2099.93 | 18592 |97.97 |253.23 |33.50 |217.95 . : 3 R 3 ’ ( ) ) fI LS (a ,aq, Qd)
IF6 | 0.01 [3.16 0.08 0.04 0.12 0.02 0.07 T M e o Samples e e a2 comiation for ol o a ~ N a Q" A1 !

ool | e s a a,a A
IF7 | 014 | 80446 |223 | 103|617 |043 |344 : s =: ’ fILS( Uk Qa)
IF8 |1 2 1.67 2 047 1 2 :: ‘AZ (a al' ak’ Qd) - < Rk . p else
I/ |2 |3 2356 |3 05 2 3 R_ , if IFZI IF3

- 1

1FI0 |8 |48 33 |21 906 |18 28 )
IFI1 |8 48 23.03 |21 9.06 18 28 k L Rk - Rl’ if IF4” IF5
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Low-Level Architecture of Al-based Validation Model

Forward Propagation Back Propagation
Contrastive framework: Contrastive framework:
1. Encll(x) =X, oL (9L ]
2. Encllel(X) = f(w[LE]EnC[LE—l] X) + b[LE]) forLg = 1 pwr ColumnProj (E’ yina )
1.1 I = (2 (sl
3 R= Enlz(X) € RPExm 2. s = (,gy[nH]) of (I " ) P R -
B = R P — T [y 9L T oL / E
= R = _ L — — \
4 R; ”Ri”,wherel 1,..,m 3 sl = (W[ ]) sl o f’(l ),m = gltl. (y[L 1]) ) oo = s 1, ; :
5. PT'Oj[o] (ﬁl) = ki: < i Search Strategy :
6. Projltul(X) = f(Wltsl projltn=-11(x) + c i | <
blal) for Ly =1,..,1, . *é i i
— (P Dy ) £ One-shot methods )
7. Z—P?Z'OJ(R)E]RHm \O\ | 3
7. = _4i | — e ¥ il : 9
8 Z;= ||Zi||’l”herel 1;...,m x5 —— () : g | — ) =
lieed s £ 1 SEnE | S
N N 2 5 | Estimation <
) weights X, i PR e “’5 ! Strategy :
put X3 2, AA F 1 __» a \\ /,
* RelLU: f(x) = max(0,x), Proj, MLP T $ : }_,_AA:.'.'.' ..... | T
ELU: - x,if x>0 Ei x L W '
) = aexp(x) — 1,if xj; < 0’ e e e
Tanh eX_e~X% MLP o~ N\ ot
e S lngld: f (X) = Troxp-%’ MLP neural layer neural layer
Decisioner: ' v
9L ;
1. MLPON(Y) = ¢ 7 stl= (m) @ f/ (1)
2. MLPH(Y) = f(WEMLPE=1(Y) + bM) for L =1, .., 1g |, (w1 = (W) sigp(t) | < 2L — gl (yle-1)! 95 _ 501 g
3 R=MLP(X)ER T owld "oplH i

Haxhi Amarildo Al for RAR GNSS
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Deployment and Data Campaign

Code Deployment and Integration

Al-Based IAR Sub-Module

Input features.
(training set)
obtained from Geo++

i Data
Preparation

" | contrastive Learning Framework (Python
. )

Input intertace with
NSMART

\Z transformation|
(C++)

Integer
[Searching (C++)

Al-based validation

To be discarded
after training

Projection
Header

Classifier

. ONNX Model
Validation (C++), Runtime
i (C++)

-

Export to
ONNX @

Output intertace with
NSMART

PPP-RTK float Jpts

solution
_

Fail Rate (FR)
—

Proceed with PPP-RTK fixed

Yes Yes
solution Accopt Fixed
and adjust remaining unknown Soluton?
parameters

Float Ambiguites,
Variance Covariance Matrix of
Float ambiguites,
Feature Vector (Part ),

.| tattice Reduction and Integer

arch
[MLAMBDA, Feature Vector (Part
0]

ln

x Learning Based Validation
4————»{ Trained Models for Encoder and
Clasifier. ouput of lassifcation

Fix Integer

Solution?

No

Fail Rate ot passed:
Continue with PPP-RTK float

Continue with
PPP-RTK float

Experimental campaign for pre-liminary validation

Feature
Constellations used for
retrieving the reference solution

Attribute
GPS+GLONASS+GAL+BDS

GNSS system integration and GPS+GAL
utilization for the pre-liminary

validation

Measurements Code and Phase

Frequency-Bands exploited for
the pre-liminary validation

GPS : L1C, L2W and L5Q

GAL :L1C,L5Q and L7Q

Measurement-precision

3m for code and 4mm for phase

Elevation mask

15°

Measurement weighting

Elevation dependent

Base/Rover(s)

1000/0688 (10 km), 0696 (65 km)

User’s environment

Static, open-sky

User’s equipment

JAVAD TRE_3 DELTA for 1000
SEPT POLARXS for 0688 and 0686

Tonospheric delay

Ionosphere-float

Tropospheric- delay

Not estimated

Biases

Corrected

Rover
o

X

Coarse Position
Estimation

|

'y Pavudo Observation
Generation

rondcant Ephemeris
Data

Preciss SSR
conections

M Rover Pra-filter

Main Filter

States output

Network Coordinate Handling Solution Timespan AR Algorithm
 test
ﬁ ﬁ K i “/ period
Reliable History with LAMBDA
consistent
Reference ﬁ ﬁ K E ambiguities
Classical Algorithm with
Uses helper stations Coordinates Introduced Considers History conservative settings
ﬁ - tesl{‘1
perio
¥
Challenging
Test Case c}? E

Laong Baseline Only

Rover Coord. Estimated

No History Included

Algorithm under Test

Al for RA
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Encoder’s Training and Interpretation of Results

Haxhi Amarildo

What is being measured?

® LPA
Linear separability of learned embeddings

@ Cosine similarity
Positive pairs high; negative pairs low; margin =
separation

® t-SNE
2D view: raw feature space vs. encoder embedding
space

@ Effective rank
Intrinsic dimensionality: compact but expressive
representation

Quantitative diagnostics

Cosine similarity distribution

3.04 L -
positive pairs

negative pairs

25

2.04

1.5

Density

1.0

0.54

0.0 T T T ' 7 T T Y
-0.,75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
Cosine similarity

Separation emerges as positive pairs
move right and negatives move left

Before learning: raw IF feature space

oo « — Class

* 0

40 -

V
e

RS S

=60 =40 =20 o 20 4

Classes are visually entangled and locally fragmented

ER vs LPA
mentation
0.968 4 Augmentatiol
L ] no
> e yes
£ 0.966 Label Condition
g e original
v # retain
£ 0.964 . dat
£ update
&
g
£ 0.962
. .
0.960 4 .
L]
H 5 6 7 8 9

Effective Rank

Checks whether compact embeddings retain
predictive separability

Al for RAR GNSS

After learning: encoder embedding space

< =
B .
’. -TI&‘,‘ * k "
N “"s "'
';\" '1 a. 3,
= N e
o.zk‘, r
.
-60 -40 -20 0 2'0 a0 60

Learned representation shows clearer class separation

Augmented vs Non-Augmented (Averaged Across Chunks)

Augmentation,Label Condition
. (no, original)
B (yes, retain)
mm (yes, update)

¥ & & &
h R & N & & &
& & 2 o &

< \I\"" L e(" &

Compares stability of learned statistics under
augmentation
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Decisioner’s Training, Validation and Interpretation of Results

I Decisioner’s Validation Results and

Interpretation Analytical mathematical expression
@thresh=0.5 @thresh=0.4303
] ] TP . Interpretation
+ Ability to separate positive TPR = ———, FPR = ———,
ROC AUC vs negative classes; TP+FN FP+TN 0.9902 0.9902
higher is better. AUCroc = [ TPR d(FPR) S H A P
Output = 0.4
TP TP Output = 0.4 " 1
* Summarizes precision-recall Precision = ————,  Recall = ————,
PR AUC performance, especially for TP+FP TP+FN 0.9732 0.9732 M T
imbalanced data. AUCp = fl’recisian d(Recall) f(x) - ]EIf(X)] T Z (P(f x)
SV [—
—p i=1
¢ Unweighted f { (4 B —
ighted mean of per-class 2PR; 1
F1 scores; all classes Fl; = iR’ Macro-F1 = T z F1; 0.9440 0.9444 B —
contribute equally. B i=1
Base rate = 0.1 Base rate = 0.1
+ Support-weighted mean of n
Weighted F1 per-class F1 scores; accounts Weighted-F1 = Z wFl;, w; = > 0.9574 0.9576
for class imbalance. i Jis]
IF1
Dependence Plot Dependence Plot
IF1: ILS objective function IF1: ILS objective function
N X N i X IF2: Ratio test 2 IF3: Ratio test 3
1. Tis(@).. fus(@® — Eiust@) _ fusl@) — dimiay IF2
& o L VOUfus (@) 2+ dim(@)
2 ”“”"fa 00 14000 00 14000
i :
N Cos 12000 0 12000 3
) 8 10000 10000
4113 = a;l§, = 11a - ay 11§, g -oa * 0.4 '
~ - I 8000 G sooo O |TF4
5|13 = aslf, - 1 - a,l13, ;— os os . &
6. ADOP; % .« * 6000 . " N 6000
7. HDOP; -08 4000 -08 4000 I
8. #GNSS R - P I, .
-1.0 2000 -1.0 2000
9. # frequencies . . .
1042 I 100 200 300 00 100 200 300 400 IF§
167 IF1 IF1
Dependence Plot Dependence Plot
IF1: ILS objective function IF1: ILS objective function F
igh _ IF4: Difference test 2 IF5: Difference test 3 !
IF1 —— 200 700
F2 lp—— 0.0
1F10 e 600 600 IF8
. -02
IFs - 5 500 5 s00
IF6 . o 3 E [ § 0.4 N i3]
= t F gy =g “p
IF9 o 3 F - . 200 g -0 . 300
F11 e 5 .t z .
a —_— 200 -08 200 TF0
2 e -1.04 ’ PR 100 -10 BERE 100
o <+ C . i Tl
B 0 0% 0k o 05 03 Low 0 100 200 300 400 100 200 300 400
SHAP value (impact on model output) IF1 IF1
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Precise Positioning - Full Ambiguity Resolution

10 km 65 km 10 km 65 km

Jhand SAS Désiancys s rebirunce chdndom oud WY SRAN, 06t 133 e o 107 Ovitay Jeales o7, P13 CEED) 009D 028 i Fioed VM Dtarces ke referesce coxidnates o 73 0408, 0598 032 e Toond £48¢ Critarcen b0 1eberence coeriaten cut 1T €261 0605 036
= Erms.-O(ﬁ:?m € r"‘\—l’l‘ull\?m T =T
Romeansem | et T Nrmea e m N mz=0.0074 m — N ms=0.0071 m
=0.0133 m ms=0.0129 m b H ms=0.0154 m ot — Hms=0.0176 m
e | — 3 ¥ > / Bge, P |
£ o = . - - - =
& - f E E e — E o ! ]/7 = 3 [
1% — )N —_——— 7
. . aans '

» [y
GFS trme (hour]

GPS timse (hour]

Pod ENH Daterces 1o rederen £ 0, ITIT 0837, 3888 36

ke SIH T a2 s oo 40 L PPYT 3888, 088 122
—— Eava=0.0083 m

| rms=0.0077 m
N 15 =0.0088 m

— N ms=0.0070 m
Hrmz-0.0148m — Hms0.0182 m
E E T e
"l — N ms=0.1535 m
—— W m5=0.6000 m
= o - & ° . 3 » » BT Y
2o b o] GPS tne (hour] ; :
. - and 104 Acamoms e
—— Ems=0.0083 m
— N E=0.0071m
~ M rms=00148 m
£ ] s E wm E =
— Nms=0.1434 m
— Hma=0.6087 m
u P F- a [ 3 R — . ! —
GPS time [hour] GPS time (seur] o8 ras ot

- ) S | T  DoY:022 | 2 DoY:O26 @@ |
- Conditional SR Avallability Conditional SR Avallability Conditional SR - Availability Conditional SR ; Availability

ELETTTI 98.09% 80.08% 100.00% 74.04% CAPETTE  100.00% 53.37% 100.00% 18.83%
GEUMETSTl 87.19% 89.99% 99,57% 99.99% RV = 0001 71.44% 99.99% 62.13% 99.99%

| Al (thres.-05) | 87.14% 09.54% 99.57% 99.69% (Al @thves.~05) | 74.02 06.46% 65.41% 04.97%

Al for RAR GNSS
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Precise Positioning - Partial Ambiguity Resolution (PAR)

G-2F GE-2F GE-3F
eference coordnates cut T2 0636} 0686 623 : e ENH Dist " 65 km:«..:

out T2 06881 0688 023

10 km

2,068, 0688 02)

E rms=0.1539 m

£ rms=0.0209 m
— Nrms=0.0436 m
—— Hrms=0.0581 m

m

—— Emms=0.0928m
— N ms=0.1636 m
5 M jms=02079 m
TR Y 2

GPS time [hour]

Fixed ENH Distances to reference coordnates out_ FFRT_0688) 0688 023
T

— Ems=04309 m

— Nrms=0.7364 m

— Erms=0.0225m
— Hms=10513m

— Nrms=0.0712m
—— Hrms=0.1053 m

m]

GPS time (hour] GPS time [hour]

GPS time [hour]

GPS time [hour]

. Fiamd ENM Distances to refererce cooridnates cut Al O6BE) 0688 023
E ms=0.4547 m
N fms=0.7588 m
— Hms=11084 m

—
E rms=0.0906 m

N rms=0,1073 m
s Hms=0.2018 m

Im)
ml

m}

GPS time [hour]

|

Availability

GPS time [hour]

3

== Erme=0.2734 m
N rms=0.4118 m Ard ok m
“ — Hms=0.1230m

PR

GPS tima fhour]

GPS time [hour]
GPS time thour] 1

Conditional SR

_l‘l !: _ b
Availability Conditional SR Availability Conditional SR Availability - Conditional SR Availability Conditional SR Availability
85.37 82.08 73.10 37.36 99.57 99.99 73.10 37.37 93.08 44,82 61.55 43.56
77.25 98.15 41,91 95.02 99.57 99.99 37.61 47.56 91.38 46.50 58.60 99.97
80.57 98.32 44.10 99.90 99.57 99.69 39.34 95.68

83.55 97.70 51.20 97.18
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Conclusion and Future Work

MAIN TAKEAWAY
Al-based IAR is reliable and potentially could achieve simultaneous Pg * and Pfix 1, but FAR rank-

2/rank-3 recovery remains a key challenge

Ambiguity Resolution Feature robustness Positioning

FAR RAR

CONGLUSION Trade-off Is feasible Interpretable model behavior Horizontal positioning
Ps ™, Py Ps®, Ppix * across FAR and PAR accuracy improves
Rank-2/3 Rank-2/3 o
LIMITATION recovery recovery must Input-feature normgllzapon Curren‘t tests fjo not ful'ly
remainsweak be boosted may cause domain shift stress kinematic scenarios
Fine-tune with Adapt normalization / Evaluate Al models in
NEXT STEP real-world datasets feature scaling strategy challenging kinematic scenarios

Implication: the method is promising for RAR and possibly specific implementations; the next validation step is domain robustness.

Haxhi Amarildo Al for RAR GNSS
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Thank you for you Attention!!!
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  𝛈 =  𝛆 noise +  𝛅 mis +  𝛃 unmod   ⇒    𝐚 ^ = 𝐚 +  𝐞 a   ⇒   Pr ​  (    𝐚 ˇ 1 ≠ 𝐚 ) > 0


  𝒚 = 𝑨 𝒂 + 𝑩 𝒃 + 𝜼 ,  {    𝒚 ∈  ℝ m ,   𝒂 ∈  ℤ n , 𝒃 ∈  ℝ p , 𝜼 ∈  ℝ m ~ 𝒢  ( 0 ,  𝑸 𝒚 )   𝑨 ∈  ℝ  m × n , 𝑩 ∈  ℝ  m × p ,  𝑸 𝒚 ∈  ℝ  m × m                                


   𝜔 𝐳  (  𝐳 ^ ) =  {    1 ,   𝐳 ^ ∈  𝛺 𝐳   0 ,  else ,      𝛺 𝐳 = 𝛺 ∩  S 𝐳 ,


  ℐ  (  𝐳 ^ ) =      {    { 1 , … , n } ,   𝐳 ^ ∈ 𝛺   ⌀ ,   𝐳 ^ ∉ 𝛺 ,     S :  ℝ n →  ℤ n ∪  ℤ 0 .


   𝐚 ^ ,  Q   a ^   →    {     𝐳 ^ =  𝐙 T  𝐚 ^    Q   z ^ =  𝐙 T  Q   a ^ 𝐙      


   


  →  {     𝐚 ˇ =  𝐙  − T  𝐳 ˇ ,   𝐳 ^ ∈ 𝛺    𝐚 ^ ,          𝐳 ^ ∉ 𝛺 


  →


   {     𝒃 ˇ =  𝒃 ^ −  𝑸   𝒃 ^  𝒂 ^  𝑸   𝒂 ^  − 𝟏    (  𝒂 ^ −  𝒂 ˇ ) T        𝒃 ^ ,  𝒂 ^                                                                                        


   𝐳 ˇ = S  (  𝐳 ^ ) =  {      ∑  𝐳 ∈  ℤ n ​   𝜔 𝐳  (  𝐳 ^ )   𝐳 ,   𝐳 ^ ∈ 𝛺    [   ] ,   𝐳 ^ ∉ 𝛺    


  →


   {     [     𝒂 ^    𝒃 ^ ] =  (  [     𝑨 T    𝑩 T ]  𝑸 𝒚  − 1  [    𝑨  𝑩 ] )  𝑸 𝒚  − 1 𝒚 ,      𝒂 ^ ∈  ℝ n ,  𝒃 ^ ∈  ℝ p                                                              [     𝒂 ^    𝒃 ^ ] ~ 𝒢  (  [    𝒂   𝒃 ] ,  [     𝑸   𝒂 ^   𝑸   𝒂 ^  𝒃 ^    𝑸   𝒃 ^  𝒂 ^   𝑸   𝒃 ^ ] ) ,  𝑸   𝒂 ^ ∈  ℝ nxn ,  𝑸   𝒃 ^ ∈  ℝ pxp ,  𝑸   𝒃 ^  𝒂 ^ ∈  ℝ pxn  


  →


  H ₁ :    (  P S  ᴬ ᴵ >  P S )     ∧      (  P f  ᴬ ᴵ >  P f )


   P S  ᴬ ᴵ


   P f  ᴬ ᴵ  


     𝒂 ˇ 1 ≠ 𝒂


  a


   R true = rank  (  𝒂 true ) ∈ { 2 , … ,   k }


   p 1 , … ,  p k


   R ^ =  argmax  j ∈ { 1 , … , κ }    p j ,  p  m a x >  τ 0


   H 2 :    P  rec , sub >  P  rec , sub 0


   H  2 , 0 :    P  rec , sub ≤  P  rec , sub 0


      P S = P  ( correct ∣ fix )


   P f = P  ( fix )


   P  rec , sub = P ​  (   R ^ =  R true ,    p max >  𝜏 0   |     R true ∈ { 2 , … , k } )


  H ₀ :    (  P S  ᴬ ᴵ ≤  P S )     ∨      (  P f  ᴬ ᴵ ≤  P f )


     𝒂 ˇ 1


   R K = {    𝒂 ˇ k  }  k = 1 K ,    L 1 ≤ ⋯ ≤  L K ,    𝒂 ˇ 1 =   arg   min   𝒂 ˇ ∈  ℛ K    f ILS  (  𝒂 ^ ) ,  


   𝒱 ∗  (    𝒂 ˇ 1 ) ∈  { A , R } ,   ∗ =  ( conv ,   AI )


   f ILS  (  𝒂 ^ ) =    (  𝒂 ^ − 𝒂 ) 𝖳  𝐐   𝒂 ^  − 1  (  𝒂 ^ − 𝒂 )


   𝐡   ( 0 ) = 𝐱 ,      𝐡   ( 𝓁 ) =  𝜙   ( 𝓁 ) ​  (  𝐖   ( 𝓁 )  𝐡   ( 𝓁 − 1 ) +  𝐛   ( 𝓁 ) ) ,   𝓁 = 1 , … , L ,      𝐲 ^ =  𝐡   ( L ) .


   𝐡 k   ( 𝓁 ) =  𝜙   ( 𝓁 ) ​   ∑  c = 1   C  𝓁 − 1   𝐊  k , c   ( 𝓁 ) ∗  𝐡 c   ( 𝓁 − 1 ) +  b k   ( 𝓁 ) ,   k = 1 , … ,  C 𝓁 .


   𝐡 t = 𝜙 ​  (  𝐖  x h  𝐱 t +  𝐖  h h  𝐡  t − 1 +  𝐛 h ) ,        𝐲 ^ t = g ​  (  𝐖  h y  𝐡 t +  𝐛 y ) .


     [    𝒂 ˇ 1 ,    𝒂 ˇ 2 , … ,    𝒂 ˇ K ] T


     𝒂 ˇ  K ,


   a ˇ


   a ˇ


  i = 1 , … , n


   {  𝒙 K s ,  y K s } =  { Φ  (    f ~  I L S  (  𝜶 ^ ) ,      R 2   R 1 ,      R 3   R 1 ,  R 2 −  R 1 ,  R 3 −  R 1 ,   ADOP ,   HDOP , # GNSS ,   # f ,   #  𝒂 ^ , #  𝒂 ˇ   ) ,  y K s } ,   s = 1 ,   2 ,   … ,   S ,    f ~  I L S  (  𝜶 ^ ) =    R K − E  {  f  I L S  (  𝜶 ^ ) }   D  {  f  I L S  (  𝜶 ^ ) } ,  R K =    ‖  𝐚 ^ −  𝐚 K ‖   𝐐   𝐚 ^ 2


  𝒜   :  ℝ d   × 𝒴 →  ℝ d × 𝒴 ,      𝒙 K s ′ =    [  𝒜 1  (  x 1 ) , …  𝒜 d  (  x d ) ] T


  𝜶 ,    𝜶 ˆ ,  𝑸   𝜶 ˆ ,


  𝒃 ,    𝒃 ˆ ,  𝑸   𝒃 ˆ ,  𝑸   𝒃 ˆ  𝒂 ˆ


   [  {    𝒂 ˇ 1 ,  l 1 } , ⋯  {    𝒂 ˇ K ,  l K } ]


   l  1 , K = 1 ,   i f        a ˇ K = a ,   else


   l  1 , K = 0


   𝒃 ˇ =  𝒃 ^ −  𝑸   𝒃 ^  𝒂 ^  𝑸   𝒂 ^  − 𝟏  (  𝒂 ^ −    𝒂 ˇ K )


   [  {   Δ  𝒃 ˇ 1 ,  l  2 , 1 } , ⋯  {   Δ  𝒃 ˇ K ,  l  1 , K } ]


   l K = 1 ,   i f      |    𝐛 ˇ 𝐊 − 𝒃 | < 5 cm   else    l K = 0


     𝒂 ˇ  I L S ′ ≡  𝒂 ˇ


   |  𝒃 ˇ − 𝒃 | ≤ 5   c m


     𝒂 ˇ  I L S ′ ≢  𝒂 ˇ


   |  𝒃 ˇ − 𝒃 | ≥ 5   c m


   {     𝒜 1  (     a ^ ′ ,   a 1 ′ ,   Q   a ^ ,    n ) →  {     f  I L S  (    𝛼 ^ ′ ,  a 1 ′ ,  Q   a ^ )                      f  I L S  (    𝛼 ^ ′ ,  a 1 ′ ,  Q   a ^ ) − n   2 n ,   if    IF 1    𝒜 2  (     a ^ ′ ,   a 1 ′ ,   a k ′ ,   Q   a ^ ) →  {     f  I L S  (    𝛼 ^ ′ ,  a 1 ′ ,  Q   a ^ )                      f  I L S  (    𝛼 ^ ′ ,  a k ′ ,  Q   a ^ )                      {       R k   R 1 ,     if    IF 2 ,  IF 3    R k −  R 1 ,   if    IF 4 ,  IF 5 ,   else


     𝒂 ^ ′ ~ N  ( 𝒂 ,   Q   𝒂 ^   )


  →


  →


  →


  →


   ( 𝒙 , y )


  𝒙 ∈  ℝ d   y ∈ 𝒴 ,  


    E n c   [ 0 ]  ( 𝑿 ) = 𝑿


    E n c   [  L E ]  ( 𝑿 ) = f  (  𝑾   [  L E ]   E n c   [  L E − 1 ]  ( 𝑿 ) +  𝒃   [  L E ] )   f o r    L E = 1 ,   … ,  l E


  𝑹 = E n c  ( 𝑿 ) ∈  ℝ   D E × m


     𝑹 ^ i =    𝑹 i   ‖  𝑹 i ‖ ,   w h e r e   i = 1 , … , m


    P r o j   [ 0 ]  (    𝑹 ^ i ) =    𝑹 ^ i


    P r o j   [  L H ]  ( 𝑿 ) = f  (  𝑾   [  L H ]   P r o j   [  L H − 1 ]  ( 𝑿 ) +  𝒃   [  L H ] )   f o r    L H = 1 ,   … ,  l H


  𝒁 = P r o j  (  𝑹 ^ ) ∈  ℝ   D H × m


     𝒁 ^ i =    𝒁 i   ‖  𝒁 i ‖ ,   w h e r e   i = 1 , … , m


    M L P   [ 0 ]  ( 𝒀 ) =  𝒓 ^


    M L P   [ L ]  ( 𝒀 ) = f  (  𝑾   [ L ]   M L P   [ L − 1 ]  ( 𝒀 ) +  𝒃   [ L ] )   f o r   L = 1 ,   … ,  l E


  𝑹 = M L P  ( 𝑿 ) ∈ ℝ


    𝜗 ℒ  𝜗  Y   [  n H ] = C o l u m n P r o j  (    𝜗 ℒ  𝜗 Z ,     Y   [  n H ] )


   𝒔   [ L ] =  (   𝜗 ℒ  𝜗  Y   [  n H ] )  ⨀ f ′  (  I   [  n H ] )


   𝒔   [ L ] =    (  W   [ l ] ) T ⋅  𝒔   [ L ] ⊙  𝒇  ′  (  I   [ L ] ) ,     𝜗 ℒ  𝜗  W   [ L ] =  𝒔   [ L ] ∙    (  𝒀   [ L − 1 ] ) T ,       𝜗 ℒ  𝜗  b   [ L ] =  𝛿   [ L ] ∙  1 n


   s   [ L ] =  (   𝜗 ℒ  𝜗  Y   [  n H ] )  ⨀ f ′  (  I   [  n H ] )


   s   [ L ] =    (  W   [ l ] ) T ⋅  s   [ L ] ⨀  f  ′  (  I   [ L ] ) ,   L < l ,   𝜗 ℒ  𝜗  W   [ L ] =  s   [ L ] ∙    (  Y   [ L − 1 ] ) T ,     𝜗 ℒ  𝜗  b   [ L ] =  𝛿   [ L ] ∙  1 n


  f  ( x ) =   m a x  ( 0 ,   x ) ,


    f  ( x ) =  {    x ,   i f   x > 0     a e x p  ( x ) − 1 ,   i f    x  j i ≤ 0


  𝑺 𝒊 𝒈 𝒎 𝒐 𝒊 𝒅 :   f  ( x ) =   1    1 + e x  p  − x ,     M L P


  𝑻 𝒂 𝒏 𝒉 :   f  ( x ) =    e x −  e  − x   e x +  e  − x ,     M L P


   𝑷  𝒇 𝒊 𝒙


   𝑷  𝒇 𝒊 𝒙

