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A dynamical system governed by a first order linear differential equation:

system
state

system noise
(stochastic)

Discrete solution:
1 1( ) ( , ) ( ) ( )k k k k kt t t t t− −= +x Φ x w

transition 
matrix

( ) ~ ( , )k kt Nw 0 Q

The Kalman filter setup
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(estimate based on data up to epoch tk )

The Kalman filter setup

1 1,k k k k k− −= +x Φ x w ~ ( , )k kNw 0 Q 1,2,...,k n=

State “estimation” from available observations:

k k k k= +b A x e ~ ( , )k kNe 0 R 1,2,...,k n=

1| | ,...,
ˆ ˆ

kk k k=
b b

x x

1| | ,...,
ˆ ˆ

nk n k=
b b

x x (estimate based on all data)

Filtering:

Smoothing:

00 ~ ( , )N
x

x 0 C



What is the difference between

the “engineering” and the “geodetic” point of view 

with respect to Kalman filtering and smoothing?  



The “engineering” point of view 

is looking at the tree



The “geodetic” point of view 

is looking at the forest



One-epoch-at-a-time sequential “estimation”

| 1| 1
ˆ ˆ

k k k k+ +→x x

| 1|
ˆ ˆ

k n k n+x x

Forward:

Backward:

Filtering

Smoothing

The “engineering” tree



| 1| 1
ˆ ˆ

k k k k+ +→x xForward:

( )| 1| 1
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ˆ ˆ| , 1 , 1 , 1 1| 1ˆ ˆ
k k k k
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−
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1
1

1
ˆ ˆ, 1 , 1k k k k

T T
k k k k k k k k− −

−
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−
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 
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 

x xC Φ C Φ Q A R A

The Kalman filtering algorithm:

Filtering

One-epoch-at-a-time sequential “estimation”

The “engineering” tree



| 1| 1
ˆ ˆ

k k k k+ +→x xForward:

The usual Kalman filtering algorithm served in pieces:

| 1 , 1 1| 1ˆk k k k k k− − − −=x Φ x
| 1 1| 1ˆ, 1 , 1k k k k

T
k k k k k− − −− −= +x xC Φ C Φ Q

| 1k k k k k−= −e b A x  | 1k

T
k k k k k−= +eC R A C A

| 1

1

k k k

T
k k−

−= x eK C A C

| | 1ˆ k k k k k k−= +x x K e
| | 1ˆ ( )

k k k kk k −
= −x xC I K A C

“Prediction”:

Kalman gain:

“Estimation”:

Filtering

One-epoch-at-a-time sequential “estimation”

The “engineering” tree



Get in one step the states at all epochs:

1

n

 
 =
 
  

x

x

x



by relating them to the system noise vector:

1

n

 
 =
 
  

w

w

w



utilizing all available observations:

1

n

 
 =
 
  

b

b

b



A global (usually not sequential) solution is sought!

The “geodetic” forest



The basic model for
the state prediction problem



1 1,k k k k k− −= +x Φ x w 1 1, ,k k k k k− −= −w x Φ x

1,0 0n= − Jw Fx Φ x

1,2,..., :k n=

1 1,0 01 1

2 2,1 1 2,12 2

3 3,2 2 3,23 3

1 1, 2 21 1

, 1 1 , 1

n n n nn n

n n n n n nn n

− − − −− −

− − −
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− −        

x Φ x I 0 0 0 0w x

x Φ x Φ I 0 0 0w x

x Φ x 0 Φ I 0 0w x

x Φ x 0 0 0 I 0w x

x Φ x 0 0 0 Φ Iw x













1,0 0

 
 
 
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0
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F  is sparce!

The basic model for the state prediction problem



1,0 0n= −w Fx J Φ x
1 1 1

1,0 0 0 0n

− − −= + = +x F w F J Φ x F w Φ x

2,1

3,1 3,21

1,1 1,2 1,3

,1 ,2 ,3 , 1

n n n

n n n n n

−

− − −

−

 
 
 
 

=  
 
 
 
  

I 0 0 0 0

Φ I 0 0 0

Φ Φ I 0 0
F

Φ Φ Φ I 0

Φ Φ Φ Φ I













F-1  is lower triangular!

The basic model for the state prediction problem



The basic model for the state prediction problem

1,0 1,0

2,1 2,1 1,0 2,0

3,1 3,1 1,0 3,01

0 1,0 1,0

1,1 1,1 1,0 1,0

,1 ,1 1,0 ,0

n

n n n

n n n

−

− − −

     
     
     
     

= = = =     
     
     
     
          

I Φ Φ

Φ Φ Φ Φ

Φ Φ Φ Φ
Φ F J Φ Φ

Φ Φ Φ Φ

Φ Φ Φ Φ



1,0 0n= −w Fx J Φ x
1 1 1

1,0 0 0 0n

− − −= + = +x F w F J Φ x F w Φ x



1,0 0n= −w Fx J Φ x

1

0 0

−= +x F w Φ x

The basic model for the state prediction problem

= +b Ax e

used for computing the covariance matrix  Cx

used to predict the stochastic parameter x~(0,Cx)

It remains to clarify the role of  x0



00 ~ ( , )N
x

x 0 C~ ( , ),Nw 0 Q

~ ( , )N
x

x 0 C

Engineering:

,= +b Ax e



“estimation” of x: x̂

Global model:

Differences between the Kalman and the geodetic approach

1

0 0 ,−= +x F w Φ x



00 ~ ( , )N
x

x 0 C~ ( , ),Nw 0 Q

~ ( , )N
x

x 0 C

Engineering:

,= +b Ax e



Geodesy:

00 ~ ( , )
x

x 0 C~ ( , ),w 0 Q

~ ( , )
x

x 0 C

Removal of normality assumption!

“estimation” of x: x̂ prediction of x: x

Global model:

Differences between the Kalman and the geodetic approach

1

0 0 ,−= +x F w Φ x



The alternative
global geodetic solutions



The alternative geodetic solutions

Depending on the treatment of the (before the observation epochs) initial state x0:

(1) initial state x0 : unknown random variable to be predicted

(2) initial state x0 : unknown deterministic variable to be estimated

(3) No x0!  First observation epoch x1 : unknown deterministic variable to be estimated

(4) initial state x0 : random variable to be predicted with a known outcome

       (Kalman compatible solution)



Depending on the treatment of the (before the observation epochs) initial state x0:

(1) initial state x0 : unknown random variable to be predicted

(2) initial state x0 : unknown deterministic variable to be estimated

(3) No x0!  First observation epoch x1 : unknown deterministic variable to be estimated

(4) initial state x0 : random variable to be predicted with a known outcome

       (Kalman compatible solution)

Prediction with a random effects model

The alternative geodetic solutions



Depending on the treatment of the (before the observation epochs) initial state x0:

Estimation and prediction with a mixed effects model

The alternative geodetic solutions

(1) initial state x0 : unknown random variable to be predicted

(2) initial state x0 : unknown deterministic variable to be estimated

(3) No x0!  First observation epoch x1 : unknown deterministic variable to be estimated

(4) initial state x0 : random variable to be predicted with a known outcome

       (Kalman compatible solution)



x0 : deterministic

0

1

0 0

T T− −= +
x x
C F QF Φ C Φ

~ ( , )
x

x 0 C
0 0~ ( , )

x
x Φ x C

1 T− −=
x
C F QF

= +b Ax e

1

0 0

−= +x F w Φ x= +b Ax e

 ~ ( , )e 0 R ~ ( , )w 0 Q

x0 random:
00 ~ ( , )
x

x 0 C

 1
0 0( ) ( )−= + +b AΦ x AF w e

random effects model mixed effects model

The alternative geodetic solutions



x0 : deterministic

0

1

0 0

T T− −= +
x x
C F QF Φ C Φ

~ ( , )
x

x 0 C
0 0~ ( , )

x
x Φ x C

1 T− −=
x
C F QF

= +b Ax e

1

0 0

−= +x F w Φ x= +b Ax e

 ~ ( , )e 0 R ~ ( , )w 0 Q

x0 random:
00 ~ ( , )
x

x 0 C

 1
0 0( ) ( )−= + +b AΦ x AF w e

random effects model mixed effects model

The alternative geodetic solutions

F-1 not sparse implies                   not sparse!

We need algorithms implementing
its inverse sparse matrix 

1T T− −
F Q F

1 T− −
F QF



1,0 0n= −w Fx J Φ x

Stochastic model:
00 ~ ( , )
x

x 0 C

1 1

1,0 0n

− −= +x F w F J Φ x

~ ( , )w 0 Q

stochastic

~ ( , )
x

x 0 C

Observations: ,= +b Ax e all uncorrelated~ ( , )Ne 0 R 0, , :w x e

The first straightforward geodetic solution

Best (= minimum mean square error) linear unbiased prediction of x:

1−=
xb b

x C C b , ,
x b xb
C C CNeed to find:

1−

− = −
x x x xb b bx
C C C C C

A random effects model

stochasticstochastic



Best linear unbiased prediction:

1 1( )T T− −= = +
xb b x x

x C C b C A AC A R b

1

1,0 0( ) :n

−= +x F w J Φ x

:= +b Ax e

01,0 1

1

,0

1( ) T TT T

n n

− − − −+= =
x x
C Q J Φ C Φ FJ QF F F

0 0

1

1,0

−=
x x x
C F JΦ C

T= +
b x
C AC A R =

bx x
C AC

0 0
=

bx xx
C AC

Covariance propagation:

and after some algebraic manipulation …

1( )T T −

− = − +
x x x x x x
C C C A AC A R AC

The first straightforward geodetic solution



1 1( )− −

− = +
x x x
C C N%

1 1( )− −= +xx C N u%

Equivalent to                                        = known, through

1T −=N A R A

1T −=u A R b

A reasonably-modeled perfectly sound solution BUT …

Not compatible with the Kalman filtering algorithm

which needs a known value x0 as starting point

No x0 in above relations! Here x0 is modelled as a stochastic unknown
that needs to be predicted

00 0 0~ ( , ),xx μ C μ
00 0 0 0~ ( , ) = − →xx x μ 0 C x

00 ~ ( , )xx 0 C

The first straightforward geodetic solution

sparse!



The second (even more) straightforward geodetic solution

1

0 0 ,−= +x F w Φ x ,= +b Ax e

~ ( , ),w 0 Q 0 =x a deterministic unknown

1 1 1

0 0 0 0 0 0( ) ( )− − −= + + = + +  + +b A F w Φ x e AΦ x AF w e A x AF w e

:= +b Ax e

1,0 1 1,0

2,0 2 2,0

3,0 3 3,0

0 0

1,0 1 1,0

,0 ,0

n n n

n n n

− − −

   
   
   
   

= = =   
   
   
   
      

Φ A Φ

Φ A Φ

Φ A Φ
A AΦ A

Φ A Φ

Φ A Φ





The second (even more) straightforward geodetic solution

1

0 0 ( )−= + +b Φ x AF w e

a mixed effects model~ ( , )w 0 Q ~ ( , )e 0 R

Solution

1 T− −=
x
C F QF

T= +
b x
C AC A R

1T −

− = −
x x x x b x
C C C A C HAC

1 1 1

0 0 0 0
ˆ ( )T T− − −=

b b
x A C A A C b

1

0 0
ˆ( )T −= −

x b
x C A C b A x

1 1 1

0 0 0 0( )T T− − −= −
b b

H I A A C A A C

or after some matrix manipulation …



 1
1 1 1

0 0 0 0ˆ ( ) ( )T T
−

− − − = + +
 x xx Φ N C Φ Φ I NC u

The second (even more) straightforward geodetic solution

 1 1
0 0ˆ( ) ( )− −= + −xx C N u NΦ x%

1T −=N A R A
1T −=u A R b

1
1 1 1 1

0 0 0 0( ) ( )T T T
−

− − − − = − + +
 x xH I AΦ Φ N C Φ Φ I NC A R

 1 1 1( ) T− − −
− = − +x x x x xC C C N A R HAC%

… or after some matrix manipulation:

Solution

sparse!



A variation: Consider state of first observation epoch as deterministic unknown

Renumber the epochs: x1, x2, …, xn, become x0, x1, …, xn . 

0 0 0 00 0 0 0 0

01 1

0 0 0

− −

++           
= = = = + +          + ++          

A x e Ab A x e 0 e
b x w

AF w AΦ x e AΦb Ax e AF e

0= + +b Ax Gw e ~ ( , )w 0 Q ~ ( , )e 0 R
0 

=  
 

R 0
R

0 R

1

0 0

−= +x F w Φ x

a mixed effects model

The third straightforward geodetic solution (variation of second)



Solution

1 1 1
0ˆ ( )T T− − −=

b b
x A C A A C b

The third straightforward geodetic solution (variation of second)

1
0ˆ( )T −= −xw b

x C G C b Ax%

1 1 1( )T T− − −= −
b b

H I A A C A A C

1T T−
− = −x x x xw xwb

C C C G C HGC%

T=xw xC C A
0

T

 
=  

+ 
b

x

R 0
C

0 AC A R

1 T− −=xC F QF

or after some matrix manipulation …



Solution

1T −=N A R A
1T −=u A R b

1
0 0 0 0

T −=N A R A
1

0 0 0 0
T −=u A R b

The third straightforward geodetic solution (variation of second)

… or after some matrix manipulation:

 1
1 1 1 1 1

0 0 0 0 0 0ˆ ( ) ( )T T
−

− − − − −   = + + + +
   x x xx N Φ N C Φ u Φ C C N u

 1 1
0 0ˆ( ) ( )− −= + −xx C N u NΦ x%

1 1 1 1 1 1 1
22 0 0 0( ) ( ) ( )T T− − − − − − − = − + + +

 x xH I A Φ N Φ N C N N C A R

 1 1 1
22( ) T

x
− − −

− = − +x x x xC C C N A R H AC%

sparse!



The Kalman compatible
global geodetic solution



00 ~ ( , )xx 0 C

Addition of a trivial observation equation: 0 0=x x

RHS: 
unknown random variable
to be predicted

LHS: 
random variable with a known 
deterministic outcome

Total observations:
0 0   

= =   +   

x x
β

b Ax e

Prediction:
0 00 0

0 0

1

0 01

T

−

−
     
 = = =     
        

x x bx x b

ηβ β
xx xb x b b

C CC Cx x
η C C β

x C C bC C

%
%

%

and after some algebraic manipulation …

The fourth (not so) straightforward geodetic solution –
– Equivalent to Kalman filtering and smoothing



The geodetic solution equivalent with Kalman filtering and smoothing

0 0 0 0

1 1 1
0 0( ) ( )T T− − −= + + −xx x x x xx xx C C x C A AC A R b AC C x%

0 0=x x%

1 1( )T − −=xC F Q F
1 1( )T − −=xC F Q Fversus

and after some algebraic manipulation …

0

0

1 1,0 1,0

2
1,0 1,0

T

T T
n n

n

 +
 
 = + =
 
 
  

x

x

Q Φ C Φ 0 0

0 Q 0
Q Q J Φ C Φ J

0 0 Q

L

L

M M O M

L

!



1 1 1 1
1 1,0 0( ) ( )− − − −= + + xx C N u JQ Φ x S d%

Solution system

( ) ( )| ( )n n n n=S x d%

1 1 1
( ) 1 1,0 0 1 1,0 0

T
n n n

− − −= + = +d A R b J Q Φ x u J Q Φ x

1 1 1 1
( )

T T T
n

− − − −= + = + = +xS C N F Q F A R A F Q F N

The geodetic solution equivalent with Kalman filtering and smoothing

… and after some algebraic manipulation

1 1 1( )− − −
−= = = +ε x x xC C S C N%

subscript (n)
denotes system

for epochs t1, t2, …, tn

sparse



Solution system

( ) ( )| ( )n n n n=S x d%

1 1
( ) ( )T
n

− −= + = +xS C N F Q F N 1
( ) 1 1,0 0n n

−= +d u J Q Φ x



Solution system

( ) ( )| ( )n n n n=S x d%

1 1
( ) ( )T
n

− −= + = +xS C N F Q F N

1

2

3

1n

n

−

 
 
 
 

=  
 
 
 
 

N 0 0 0 0

0 N 0 0 0

0 0 N 0 0
N

0 0 0 N 0

0 0 0 0 N















Solution system

( ) ( )| ( )n n n n=S x d%

1 1
( ) ( )T
n

− −= + = +xS C N F Q F N

1

1

1

2

1

1 3

1

1

1

n

n

−

−

−

−

−

−

−

 
 
 
 

=  
 
 
 
  

Q 0 0 0 0

0 Q 0 0 0

0 0 Q 0 0
Q

0 0 0 Q 0

0 0 0 0 Q















Solution system

( ) ( )| ( )n n n n=S x d%

1 1
( ) ( )T
n

− −= + = +xS C N F Q F N

2,1

3,2

, 1n n−

 
 −
 
 −

=  
 
 
 

−  

I 0 0 0 0

Φ I 0 0 0

0 Φ I 0 0
F

0 0 0 I 0

0 0 0 Φ I















Solution system

( ) ( )| ( )n n n n=S x d%

1 1
( ) ( )T
n

− −= + = +xS C N F Q F N

1 1 1
1 2,1 2 2,1 2,1 2

1 1 1
2 2,1 2 3,2 3 3,2

1

1 1 1
1 , 1 , 1 , 1

1 1
, 1

0 0

0 0

0 0

0 0

T T

T

T T
n n n n n n n n n

n n n n

− − −

− − −

−

− − −
− − − −

− −
−

 + −
 

− + 
 

=
 
 + −
 

−  

x

Q Φ Q Φ Φ Q

Q Φ Q Φ Q Φ

C

Q Φ Q Φ Φ Q

Q Φ Q

L

L
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Solution system

( ) ( )| ( )n n n n=S x d%
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1 2
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−
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 
 
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T
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M M M M O M M M

L

L

L

1 1
1, 1 1,

T
k k k k k k k k

− −
+ + += + +S Q N Φ Q Φ

1
1 1,k k k k

−
+ += −T Q Φ 1,2,..., 1k n= −



L L L L L

2| 1| | 1112 n n
T

n n n nnn n n− −− − −− + − =x xT xTS u% % %

1
1

|1 |( )n nnn n nn n−−
−+ + =T x xQ uN% %

Geodetic solution system explicitly:

3| 2| 1| 21 22
T

n nn n n n n nn n− − −− − − −+ + =T Tx x xS u% % %

1
1| 2| 1 1 11 1 ,0 0n n

T −+ = +S x x u ΦT Q x% %

1| 2| 3| 22 32 n
T

n n+ + =T x x x uTS% % %

1 1
1, 1 1,

T
k k k k k k k k

− −
+ + += + +S Q N Φ Q Φ

1
1 1,k k k k

−
+ += −T Q Φ

1,2,..., 1k n= −

Solution system



From the global geodetic solution
to the Kalman filter



( ) ( )| ( )n n n n=S x d%

From global geodetic solution to Kalman filter

1T
k k k k

−=N A R A
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1 1 1 1,0 0
−= +u u Q Φ x
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( ) ( )| ( )n n n n=S x d%

From global geodetic solution to Kalman filter

1T
k k k k
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1

1 1 1 1,0 0
−= +u u Q Φ x
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From global geodetic solution to Kalman filter

( 1) ( 1)| 1 ( 1)k k k k− − − −=S x d%
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Kalman filter !

( ) ( )n k→

We solve the above equation for           to obtain a linear relation:   |k kx

| ( 1)| 1 1| 1( ) ( )k k k k k k− − − −= =x L x L x% % %

subscript (k)
denotes system
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From the global geodetic solution
to a new smoothing algorithm



L L L L L

2 2| 1 1| 1 | 1
T

n n n n n n n n n n− − − − − −+ − =T x S x T x u% % %

1
1 1| |( )n n n n n n n n

−
− − + + =T x Q N x u% %

Backward sequential smoothing:

1 3| 2 2| 2 1| 2
T

n n n n n n n n n n− − − − − − −+ + =T x S x T x u% % %

From the global geodetic solution to a new smoothing algorithm

1
1 1| 1 2| 1 1 1,0 0

T
n n

−+ = +S x T x u Q Φ x% %

2 1| 2 2| 3 3| 2
T

n n n+ + =T x S x T x u% % %

Known from end of Kalman filter

Determined by solving equation



L L L L L

2 2| 1 1| 1 | 1
T

n n n n n n n n n n− − − − − −+ − =T x S x T x u% % %

1
1 1| |( )n n n n n n n n

−
− − + + =T x Q N x u% %

1 3| 2 2| 2 1| 2
T

n n n n n n n n n n− − − − − − −+ + =T x S x T x u% % %

1
1 1| 1 2| 1 1 1,0 0

T
n n

−+ = +S x T x u Q Φ x% %

2 1| 2 2| 3 3| 2
T

n n n+ + =T x S x T x u% % %

Known from previous step

Determined by solving equation

Backward sequential smoothing:

From the global geodetic solution to a new smoothing algorithm
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2 2| 1 1| 1 | 1
T

n n n n n n n n n n− − − − − −+ − =T x S x T x u% % %

1
1 1| |( )n n n n n n n n

−
− − + + =T x Q N x u% %

1 3| 2 2| 2 1| 2
T

n n n n n n n n n n− − − − − − −+ + =T x S x T x u% % %

1
1 1| 1 2| 1 1 1,0 0

T
n n

−+ = +S x T x u Q Φ x% %

2 1| 2 2| 3 3| 2
T

n n n+ + =T x S x T x u% % %

Known from previous step

Determined by solving equation

Backward sequential smoothing:

From the global geodetic solution to a new smoothing algorithm
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2 2| 1 1| 1 | 1
T

n n n n n n n n n n− − − − − −+ − =T x S x T x u% % %

1
1 1| |( )n n n n n n n n

−
− − + + =T x Q N x u% %

1 3| 2 2| 2 1| 2
T

n n n n n n n n n n− − − − − − −+ + =T x S x T x u% % %

1
1 1| 1 2| 1 1 1,0 0

T
n n

−+ = +S x T x u Q Φ x% %

2 1| 2 2| 3 3| 2
T

n n n+ + =T x S x T x u% % %
Known from previous step

Determined by solving equation

Backward sequential smoothing:

From the global geodetic solution to a new smoothing algorithm
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2 2| 1 1| 1 | 1
T

n n n n n n n n n n− − − − − −+ − =T x S x T x u% % %

1
1 1| |( )n n n n n n n n

−
− − + + =T x Q N x u% %

1 3| 2 2| 2 1| 2
T

n n n n n n n n n n− − − − − − −+ + =T x S x T x u% % %

1
1 1| 1 2| 1 1 1,0 0

T
n n

−+ = +S x T x u Q Φ x% %

2 1| 2 2| 3 3| 2
T

n n n+ + =T x S x T x u% % %
Compute x0 and compare to check 
computational error accumulation

Known from previous step

Backward sequential smoothing:

From the global geodetic solution to a new smoothing algorithm



Backward sequential smoothing for covariance matrices:

1 1 1
( ) ( )n
− − −

−= = = +ε x x xC C S C N%

( )n =εS C I
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in kth sub-block

From the global geodetic solution to a new smoothing algorithm



Backward sequential smoothing for covariance matrices:

1 1 1
( ) ( )n
− − −

−= = = +ε x x xC C S C N%

( )n =εS C I

 ( ) ,1 ,2 , 1 , 1 2 1n n n n n− −  = ε ε ε εS C C C C E E E EL L

From the global geodetic solution to a new smoothing algorithm

( ) , , 1,2,...,n k k k n= =εS C E Solve for ,kεC

We can use the same algorithm as in the case of state prediction  (                                 )!( ) ( )| ( )n n n n=S x d%



Backward sequential smoothing for covariance matrices:

1 1 1
( ) ( )n
− − −

−= = = +ε x x xC C S C N%

( )n =εS C I

 ( ) ,1 ,2 , 1 , 1 2 1n n n n n− −  = ε ε ε εS C C C C E E E EL L

Solve sequentially backwards

( ) , ,n n n=εS C E ( ) , 1 1,n n n− −=εS C E ( ) ,2 2 ,n =εS C E ( ) ,1 1n =εS C EL L

From the global geodetic solution to a new smoothing algorithm

( ) , , 1,2,...,n k k k n= =εS C E Solve for ,kεC



Backward sequential smoothing for covariance matrices:

( ) ,n k k=εS C E
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Use same backward smoothing algorithm as for unknowns: ( ) ( ) ( )n n n=S x d%

Known from end
of Kalman filter

Computed by 
backward
algorithm

Known by 
symmetry

From the global geodetic solution to a new smoothing algorithm



Backward sequential smoothing for covariance matrices:
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, , , , ,

, , , , ,

, , , , ,

, , , ,

k n n

k n n

k k k k k n k n

n n n k n n n n

n k n n k n n n

−

−

−

− − − − − −

−

−= =

ε ε ε ε ε ε ε ε ε ε

ε ε ε ε ε ε ε ε ε ε

ε ε ε ε ε ε ε ε ε εε x x

ε ε ε ε ε ε ε ε ε ε

ε ε ε ε ε ε ε ε ε

C C C C C

C C C C C

C C C C CC C

C C C C C

C C C C C

%

L L

L L

M M O M O M M

L L

M M O M O M M

L L

L L , n

 
 
 
 
 
 
 
 
 
 
 
 ε

Use same backward smoothing algorithm as for unknowns: ( ) ( ) ( )n n n=S x d%
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Computed by 
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Known by 
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From the global geodetic solution to a new smoothing algorithm



Backward sequential smoothing for covariance matrices:
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Use same backward smoothing algorithm as for unknowns: ( ) ( ) ( )n n n=S x d%

Computation 
order

From the global geodetic solution to a new smoothing algorithm



Backward sequential smoothing for covariance matrices:
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Use same backward smoothing algorithm as for unknowns: ( ) ( ) ( )n n n=S x d%
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order

From the global geodetic solution to a new smoothing algorithm



Backward sequential smoothing for covariance matrices:
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order

From the global geodetic solution to a new smoothing algorithm



Backward sequential smoothing for covariance matrices:
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Use same backward smoothing algorithm as for unknowns: ( ) ( ) ( )n n n=S x d%

Computation 
order

From the global geodetic solution to a new smoothing algorithm



Backward sequential smoothing for covariance matrices:

( ) ,n k k=εS C E
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Computation 
order

From the global geodetic solution to a new smoothing algorithm



From the global geodetic solution
to the Rauch-Sting-Stiebel 

smoothing algorithm



Backward smoothing as an update of forward Kalman filter
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Backward smoothing as an update of forward Kalman filter

( ) ( )| ( )n n n n=S x d%
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Backward smoothing as an update of forward Kalman filter
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We can solve for                  or just for its last element              to obtain:
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Backward smoothing for covariances:



Backward smoothing as an update of forward Kalman filter
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This is a well-known smoothing algorithm!
To identify it we must translate it

to the Kalman “language”!
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From the forward Kalman Filter:
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(predicted state) (predicted error covariance)



Backward smoothing as an update of forward Kalman filter

1

1
| | | 1, | 1| 1|( )

k k

T
k n k k k k k k k n k k+

−
+ + +− = −ε εx x C Φ C x x% % % %

1 1 1 1

1 1
| | | 1, | | | | 1, |( )

k k k k k k k k

T
n k k k k k n k k k k k+ + + +

− −
+ += + −ε ε ε ε ε ε ε εC C C Φ C C C C Φ C
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Backward smoothing as an update of forward Kalman filter

| | 1| 1|( )k n k k k kk n k+ +− = −x x xD x% % % %

1 1| | | |( )
k k k k

T
n k nk k k+ +
= + −ε ε ε εC C CD DC

1

1
| 1, |k k

T
k k k k k+

−
+= ε εD C Φ C



Backward smoothing as an update of forward Kalman filter
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Rauch-Tung-Stiebel smoothing algorithm!



Application of the general theory
of sequential prediction

to the global geodetic solution



From global geodetic solution to Kalman filter

The Kalman filter can be also obtained as an application
of the general theory of sequential prediction: 

The prediction                       based on initial data       is updated to a prediction

                             based on both old data       and new data     :
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Prediction of future data:



From global geodetic solution to Kalman filter

The Kalman filter can be also obtained as an application
of the general theory of sequential prediction: 

The prediction                       based on initial data       is updated to a prediction
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Prediction of future data:

collocation
like ! 



From global geodetic solution to Kalman filter

The Kalman filter can be also obtained as an application
of the general theory of sequential prediction: 
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Kalman filter!



Sequential form of global geodetic solutions

All global solutions accept at least a forward sequential form: 

Versus Kalman sequential form: 

( 1) ,k k−
→ →b b b b

( )k→s x

k→s x

At each epoch  tk  the observations  bk  are used to compute  xk|k  and

update  [x1|k-1, …, xk-1|k-1]  to  [x1|k, …, xk-1|k].

At the last epoch  tn  we have the global solution  [x1|n, …, x n | n].~

~

~ ~ ~ ~

~

~Forward: At each epoch  tk  the observations  bk  are used to compute only  xk|k 

Backward: At each epoch  tk  we update  xk|k  to xk|n
~ ~



Conclusions



Geodesy Engineering

OR

What can we gain by looking at the forest instead of the tree?



We may find a better tree!

What can we gain by looking at the forest instead of the tree?



… or at least several new interesting trees!

What can we gain by looking at the forest instead of the tree?



The new trees:

Four global “geodetic” solutions – only one equivalent to the Kalman solution 

(1)  x0 = unknown random variable to be predicted 

(2)  x0 = deterministic variable to be estimated 

(3)  x1 (first observation epoch state) = deterministic variable to be estimated 

(4)  x0 = unknown random variable (to be predicted) with a known outcome (?)
        (equivalent to Kalman filtering and smoothing) 

None of above requires knowledge of  probability distributions !



The new trees:

A new (Kalman equivalent) smoothing algorithm 
providing all state-prediction-error correlations between different epochs 

From the 4th solution above we have derived the Kalman filtering algorithm
and the Rauch– Tung–Stiebel smoothing algorithm by simple matrix algebra
- no statistical tools used!

We have derived Kalman filtering as a simple application of sequential prediction 

We have derived sequential estimation algorithms for all four geodetic solutions
where all epoch state predictions are updated at each new data epoch.
No backward smoothing algorithm is necessary! 



Thanks for your attention!

Further reading:

Sansò F. (2006) Navigazione Geodetica e Posizionamento Cinematico.
Polipress, Politecnico di Milano. (in Italian)

Sansò F., C. Pileggi, L. Biagi (2024): A tutorial on Kalman filtering.
    The linear, extended and unscented filters.

Dermanis A., D. Rossikopoulos (>2026): The analysis of observations.    
    Estimation and prediction of unknown parameters and functions (in preparation) 

This presentation will appear in:

https://dermanis.webpages.auth.gr/ 
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