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Pitoňák et al. (Geomatics) Spheroidal directional derivatives XI Hotine-Marussi Symposium 2026 2 / 26



Motivation
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Theoretical background
Preliminaries
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a0, b0 – the semi-major and the semi-minor axes of the
reference spheroid (biaxial ellipsoid),

ε – the linear eccentricity, ε =
√︂

a20 − b20 ,

β – the reduced latitude,
λ – the longitude,
u – the semi-minor axis of the confocal spheroid (for a
reference ellipsoid u = b0).

The disturbing gravitational potential T in mass-free space
can be represented by a series of spheroidal harmonics as:

T (u,Ω) =
GM

a0

∞∑︂
n=0

n∑︂
m=−n

Qn,|m|
(︁
i u
ε

)︁
Qn,|m|

(︂
i b0
ε

)︂
× C

e
n,|m| Y n,m(Ω),

(1)

where G stands for Newton’s gravitational constant, M is
the mass of planetary body, Qn,|m| are the associated
Legendre functions of the second kind of degree n and
order m, C

e
n,|m| the fully normalized spheroidal

coefficients, Y n,m the fully normalized spheroidal
harmonics, and Ω = (β, λ) the horizontal position.
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Solution of the spheroidal BVPs
Poisson spheroidal integral equation

The Poisson spheroidal integral equation represents the solution of Dirichlet’s boundary-value
problem for the harmonic geopotential outside the spheroid (e.g., Ardalan 2000, Sect. 1.2):

T (u,Ω) =
1

4π

∫︂
Ω′

T
(︁
b0,Ω

′)︁K (︁
u,Ω, b0,Ω

′)︁ dΩ′. (2)

The corresponding spheroidal integral kernel has the form:

K
(︁
u,Ω, b0,Ω

′)︁ = ∞∑︂
n=0

n∑︂
m=−n

Qn,|m|
(︁
i uε
)︁

Qn,|m|

(︂
i b0ε

)︂
× Pn,m(sinβ)Pn,m(sinβ

′) cos
(︁
m(λ− λ′)

)︁
.

(3)
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Solution of the spheroidal BVPs
Vertical boundary-value problem

The integral transform of the disturbing potential gradient component T u into the disturbing
potential is defined as (Šprlák and Tangdamrongsub 2018):

T (u,Ω) =
1

4π

∫︂
Ω′

T u(b0,Ω
′)Ku

(︁
u,Ω, b0,Ω

′)︁ dΩ′, (4)

where the corresponding integral kernel is:

Ku =
L(b0, β

′)

a0

∞∑︂
n=0

n∑︂
m=0

Qn,|m|
(︁
i uε
)︁

∂

∂u
Qn,|m|

(︁
i uε
)︁⃓⃓⃓⃓

u=b0

× Pn,m(sinβ)Pn,m(sinβ
′) cos

(︁
m(λ− λ′)

)︁
.

(5)

We omitted the full notation Ku(u,Ω, b0,Ω
′) for practical reasons.

L(b0, β
′) =

√︂
b20 + ε2 sin2 β′, L(u, β) =

√︂
u2 + ε2 sin2 β, v(u) =

√︁
u2 + ε2 (6)
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Theoretical background
Solution of the horizontal BVP

The relation between the disturbing potential and the disturbing potential gradient components
T β and Tλ is described by the following integral transform:

T (u,Ω) =
1

4π

∫︂
Ω′

[︄
T β(b0,Ω

′)Kβ,o − Tλ(b0,Ω
′)Kλ,o

]︄
dΩ′, (7)

where the corresponding integral kernels for o = 1 (according to Grafarend et al. 2006) is:

Kβ,1 = L(b0, β
′)

∞∑︂
n=1

n∑︂
m=−n

1

n(n + 1)

Qn,|m|
(︁
i uε
)︁

Qn,|m|

(︂
i b0ε

)︂Y n,m

(︁
Ω′)︁ ∂

∂β′Y n,m (Ω) ,

Kλ,1 =
a0

cosβ′

∞∑︂
n=1

n∑︂
m=−n

1

n(n + 1)

Qn,|m|
(︁
i uε
)︁

Qn,|m|

(︂
i b0ε

)︂Y n,m

(︁
Ω′)︁ ∂

∂λ′Y n,m (Ω) ,
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Theoretical background
Solution of the horizontal BVP

and for o = 2 (suggested by Lowes and Winch 2012)

Kβ,2 = a20L(b0, β
′)

∞∑︂
n=1

n∑︂
m=−n

1

a20n(n + 1)− ε2m2

×
Qn,|m|

(︁
i uε
)︁

Qn,|m|

(︂
i b0ε

)︂Y n,m

(︁
Ω′)︁ ∂

∂β′Y n,m (Ω) ,

Kλ,2 =
a0L

2 (b0, β
′)

cosβ′

∞∑︂
n=1

n∑︂
m=−n

1

a20n(n + 1)− ε2m2

×
Qn,|m|

(︁
i uε
)︁

Qn,|m|

(︂
i b0ε

)︂Y n,m

(︁
Ω′)︁ ∂

∂λ′Y n,m (Ω) .
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First-order directional derivatives
Differential operators

The differential operators for the first-order directional derivatives read (Novák and Šprlák 2018):

Dβ =
1

L(u, β)

∂

∂β
, Dλ = − 1

v(u) cosβ

∂

∂λ
, Du =

v(u)

L(u, β)

∂

∂u
. (8)

Application of these operators to the kernel Ku provides first-order derivatives.
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First-order directional derivatives
Derivatives of Ku

∂

∂u
Ku =

L(b0, β′)

a0

∞∑︂
n=0

n∑︂
m=0

∂
∂u

Qn,|m|
(︁
i u
ε

)︁
∂
∂u

Qn,|m|
(︁
i u
ε

)︁
|b0

Pn,m(sinβ)Pn,m(sinβ
′) cos

(︁
m(λ− λ′)

)︁
, (9)

∂

∂β
Ku =

L(b0, β′)

a0

∞∑︂
n=0

n∑︂
m=0

Qn,|m|
(︁
i u
ε

)︁
∂
∂u

Qn,|m|
(︁
i u
ε

)︁
|b0

∂Pn,m(sinβ)

∂β
Pn,m(sinβ

′) cos
(︁
m(λ− λ′)

)︁
, (10)

∂

∂λ
Ku =

L(b0, β′)

a0

∞∑︂
n=0

n∑︂
m=0

Qn,|m|
(︁
i u
ε

)︁
∂
∂u

Qn,|m|
(︁
i u
ε

)︁
|b0

Pn,m(sinβ)Pn,m(sinβ
′)m sin

(︁
m(λ′ − λ)

)︁
. (11)

Pitoňák et al. (Geomatics) Spheroidal directional derivatives XI Hotine-Marussi Symposium 2026 11 / 26



First-order directional derivatives
Generalized integral transformation

The generalized integral transformation from the vertical component of disturbing gravity to
the first-order directional derivatives is defined as:

DiT (u,Ω) =
1

4π

∫︂
Ω′

T u(b0,Ω
′)DiKu(u,Ω, b0,Ω

′)dΩ′, (12)

where i = β, λ, u.
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Second-order directional derivatives
Differential operators

The differential operators for the second-order directional derivatives have the following forms (Novák and Šprlák 2018):

DuuKu = −
1

L(u, β)2

[︃
uε2 cos2 β

L(u, β)2
∂

∂u
Ku −

ε2 sinβ cosβ

L(u, β)2
∂

∂β
Ku − v(u)2

∂2

∂u2
Ku

]︃
, (13)

DββKu =
1

L(u, β)2

[︃
uv(u)2

L(u, β)2
∂

∂u
Ku −

ε2 sinβ cosβ

L(u, β)2
∂

∂β
Ku +

∂2

∂β2
Ku

]︃
, (14)

DλλKu =
u

L(u, β)2
∂

∂u
Ku −

tanβ

L(u, β)2
∂

∂β
Ku +

1

v(u)2 + cos2 β

∂2

∂λ2
Ku , (15)

DuβKu = −
v(u)

L(u, β)2

[︃
ε2 sinβ cosβ

L(u, β)2
∂

∂u
Ku +

u

L(u, β)2
∂

∂β
Ku −

∂2

∂u∂β
Ku

]︃
, (16)

DuλKu =
1

L(u, β) cosβ

[︃
u

v(u)2
∂

∂λ
Ku −

∂2

∂u∂λ
Ku

]︃
, (17)

DβλKu = −
1

v(u)L(u, β) cosβ

[︃
tanβ

∂

∂λ
Ku +

∂2

∂β∂λ
Ku

]︃
. (18)
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Second-order directional derivatives
Derivatives of Ku (1/2)

∂2

∂u2
Ku =

L(b0, β
′)

a0

∞∑︂
n=0

n∑︂
m=0

∂2

∂u2
Qn,|m|

(︁
i uε

)︁
∂
∂uQn,|m|

(︁
i uε

)︁
|b0

Pn,m(sin β)Pn,m(sin β
′) cos

(︁
m(λ − λ

′)
)︁
, (19)

∂2

∂β2
Ku =

L(b0, β
′)

a0

∞∑︂
n=0

n∑︂
m=0

Qn,|m|
(︁
i uε

)︁
∂
∂uQn,|m|

(︁
i uε

)︁
|b0

∂2Pn,m(sin β)

∂β2
Pn,m(sin β

′) cos
(︁
m(λ − λ

′)
)︁
, (20)

∂2

∂λ2
Ku =

L(b0, β
′)

a0

∞∑︂
n=0

n∑︂
m=0

Qn,|m|
(︁
i uε

)︁
∂
∂uQn,|m|

(︁
i uε

)︁
|b0

Pn,m(sin β)Pn,m(sin β
′)
[︂
−m2 cos

(︁
m(λ − λ

′)
)︁]︂

. (21)
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Second-order directional derivatives
Derivatives of Ku (2/2)

∂2

∂u∂β
Ku =

L(b0, β
′)

a0

∞∑︂
n=0

n∑︂
m=0

∂
∂uQn,|m|

(︁
i uε

)︁
∂
∂uQn,|m|

(︁
i uε

)︁
|b0

∂Pn,m(sin β)

∂β
Pn,m(sin β

′) cos
(︁
m(λ − λ

′)
)︁
, (22)

∂2

∂u∂λ
Ku =

L(b0, β
′)

a0

∞∑︂
n=0

n∑︂
m=0

∂
∂uQn,|m|

(︁
i uε

)︁
∂
∂uQn,|m|

(︁
i uε

)︁
|b0

Pn,m(sin β)Pn,m(sin β
′)m sin

(︁
m(λ′ − λ)

)︁
, (23)

∂2

∂β∂λ
Ku =

L(b0, β
′)

a0

∞∑︂
n=0

n∑︂
m=0

Qn,|m|
(︁
i uε

)︁
∂
∂uQn,|m|

(︁
i uε

)︁
|b0

∂Pn,m(sin β)

∂β
Pn,m(sin β

′)m sin
(︁
m(λ′ − λ)

)︁
. (24)
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Second-order directional derivatives
Generalized integral transformation

The generalized integral transformation for transforming the vertical component of disturbing
gravity into the second-order directional derivatives is defined as:

DijT (u,Ω) =
1

4π

∫︂
Ω′

T u(b0,Ω
′)DijKu(u,Ω, b0,Ω

′)dΩ′, (25)

where ij = ββ, βλ, λλ, uβ, uλ, uu.

We derived the corresponding spheroidal integrals for the horizontal solution of the spheroidal
BVP in the same way. The corresponding derivations of the Poisson integral equation are
presented in (Novák and Šprlák 2018).
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Numerical experiment
Setup

The newly derived spheroidal integral transformations were tested numerically in an extensive closed-loop test to
check and eliminate potential mistakes in the derivation and software implementation.

Test baseline: 450 sub-satellite points from the GOCE mission (EGG TRF 2 product), September 28,
2013, starting at GPS time 1064363265 s.

Test area: Andes Mountains and Pacific Ocean, characterised by extreme changes in topography and the
gravitational field.

Semi-minor axis of the selected track varies from 6590339.756 m to 6603586.934 m.

EGM2008 (Pavlis et al., 2012) spherical harmonic coefficients (degree/order 290) were converted into
spheroidal counterparts using the Hotine–Jekeli transformation (Jekeli, 1988), computed up to a maximum
degree 40 higher to preserve total spectral power.

Disturbing gravitational potential (T ) and its vertical (T u) and horizontal (Tβ , Tλ) derivatives were
computed globally on an equiangular 0.5◦ grid at the reference ellipsoid.

In total, 40 spheroidal integral transformations were implemented and compared against spheroidal
harmonic synthesis.
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Numerical experiment
Test area
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Topography and bathymetry over the test area (left), and the first-order radial derivative of the disturbing
gravitational potential on the mean spheroid (right) from EGM2008 (Pavlis et al., 2012).
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Numerical experiment
Results – disturbing potential
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Numerical experiment
Results – first-order derivatives
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Numerical experiment
Results – second-order derivatives (horizontal-horizontal components)
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Numerical experiment
Results – second-order derivatives (vertical-horizontal and vertical-vertical components)
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Conclusions

We derived 27 spheroidal integral formulas for computing the disturbing gravitational po-
tential and its first- and second-order directional derivatives from the vertical and horizontal
derivatives of disturbing potential given on the reference spheroid.

The closed-loop numerical experiment along a realistic GOCE orbital arc confirmed the
correctness of the derivation and software implementation.

Spheroidal representation offers higher versatility with respect to irregular (flattened or
elongated) planetary bodies.

The manuscript with more detailed information is under preparation.
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