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Introduction: Why coordinate transformation of potential gradients

O
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• Potential fields (gravity & magnetism) are evaluated in different coordinate systems 

• Physically meaningful comparison and interpretation of potential field data 

• Three common 3D coordinate systems in the space:  

1.  Cartesian coordinates 

2.  Cylindrical coordinates  

3.  Spherical coordinates 

• Applications: gravimetry, magnetic survey in geodesy, geophysics, …

(x, y, z)

(r, λ, z)

(λ, φ, ρ)

Fig. 1 Three coordinate systems
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• Cartesian ↔︎ Spherical coordinates: 
• Moritz (1971) — 1st & 2nd order among rectangular Cartesian, spherical polar, and local rectangular 

coordinates 
• Koop (1993)   — 1st & 2nd order between geocentric polar and local north-oriented coordinates 
• Casotto & Fantino (2009) — 1st-3rd order between global spherical equatorial and local Cartesian 

coordinates 
• Cylindrical ↔︎ Cartesian coordinates: 

• Rim & Li (2016), Asgharzadeh et al. (2018) — 1st & 2nd order between cylindrical and Cartesian 
coordinates 

• Other coordinate transformations: 
• Moritz (1967), Reed (1973), Soler (1976), Koop (1993), Heck & Seitz (2007), Wild-Pfeiffer (2008), Du et al. 

(2015), Uieda et al. (2016), …

Introduction: Historical Development 
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Introduction: Four Gaps

1. No general detailed expressions for 1st-, 2nd-, and 3rd-order potential gradients transformations 
between any two coordinate systems 

2. Rotation matrix method cannot easily produce 3rd-order gradient expressions, because 3D array 
cannot be uniquely represented as 2D rotation matrices  

3. Only partial transformations among Cartesian, cylindrical, and spherical coordinates were derived; 
complete transformations still needed 

4. Previously derived expressions were not all validated as correct

This work addresses all four gaps.
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Theory: Direct Expansion method v.s. Rotation Matrix method

• Rotation matrix method — traditional approach 
• Works well for 1st and 2nd order 
• 3rd-order gradients are not easily captured by 2D rotation matrices 

• Direct expansion method — this work’s approach  
• Combines forward and inverse transformations into one general expression applicable to 

physical components of 1st, 2nd, & 3rd-order gradients 
• Expand summations directly using metric scale factors and Jacobian matrix components  
• Handles forward & inverse transformations uniformly 
• In principle, arbitrary-order potential gradients can be derived

4/14



Theory: First-order Potential Gradients
V,p =

∂up′￼

∂up
V,p′￼

V*,p =
hp′￼

hp

∂up′￼

∂up
V*,p′￼=

1
hp

3

∑
p′￼=1

hp′￼Up′￼pV*,p′￼

V*,p =
1
hp

(h1U1pV*,1 + h2U2pV*,2 + h3U3pV*,3)

p, p′￼= 1,2,3 V,p =
∂V
∂up

V,p′￼=
∂V
∂up′￼

Self-consistent transformation of first-, second-, and third-order potential gradients… Page 5 of 25 10

Table 1 Metric scale factors of the Cartesian coordinates (x, y, z), cylindrical coordinates (r , λ, z), and spherical coordinates (λ,ϕ, ρ)

Name Metric scale factor Reference

Cartesian (x, y, z) h1 = 1, h2 = 1, and h3 = 1 Eq. (47) in Casotto and Fantino (2009)

Cylindrical (r , λ, z) h1 = 1, h2 = r , and h3 = 1 Eq. (3. 145) in Arfken et al. (2012)

Spherical (λ,ϕ, ρ) h1 = ρ cosϕ, h2 = ρ, and h3 = 1 Eq. (38) in Casotto and Fantino (2009)

where p, q, s, p′, q ′, s′ = 1, 2, 3.
By adding the metric scale factors in Eq. (7), the gen-

eral expression for transformation of physical components of
third-order potential gradients (V ∗

;pqs and V ∗
;p′q ′s′ ) between

two coordinate systems is obtained as:

V ∗
;pqs =

h p′

h p

hq ′

hq

hs′
hs

∂u p
′

∂u p
∂uq

′

∂uq
∂us

′

∂us
V ∗
;p′q ′s′

= 1
h phqhs

3∑

p′=1

3∑

q ′=1

3∑

s′=1

h p′hq ′hs′Up′ pUq ′qUs′s V
∗
;p′q ′s′ (8)

where Up′ p = ∂u p′

∂u p , Uq ′q = ∂uq
′

∂uq , and Us′s = ∂us
′

∂us are the
Jacobian matrices.

After directly expanding three summations in Eq. (8), the
general detailed expression for transformation of physical
components of third-order potential gradients between two
coordinate systems is obtained as:

V ∗
;pqs = 1

h phqhs

[
h31U1pU1qU1s V

∗
;111

+h21h2(U1pU1qU2s +U1pU2qU1s +U2pU1qU1s )V
∗
;112

+h21h3(U1pU1qU3s +U1pU3qU1s +U3pU1qU1s )V
∗
;113

+h1h2h3(U1pU2qU3s +U1pU3qU2s +U2pU1qU3s

+U2pU3qU1s +U3pU1qU2s +U3pU2qU1s )V
∗
;123

+h1h
2
2(U1pU2qU2s +U2pU1qU2s +U2pU2qU1s )V

∗
;221

+h32U2pU2qU2s V
∗
;222

+h22h3(U2pU2qU3s +U2pU3qU2s +U3pU2qU2s )V
∗
;223

+h1h
2
3(U1pU3qU3s +U3pU1qU3s +U3pU3qU1s )V

∗
;331

+h2h
2
3(U2pU3qU3s +U3pU2qU3s +U3pU3qU2s )V

∗
;332

+h33U3pU3qU3s V
∗
;333

]
(9)

where V ∗
;pqs represents the physical components of third-

order potential gradients for the coordinate systems that one
needs to convert to. h p, hq , and hs are the metric scale fac-
tors for the coordinate systems that one needs to convert to.
V ∗
;112 = V ∗

;121 = V ∗
;211, V

∗
;113 = V ∗

;131 = V ∗
;311, V

∗
;123 =

V ∗
;132 = V ∗

;213 = V ∗
;231 = V ∗

;312 = V ∗
;321, V

∗
;221 = V ∗

;122 =
V ∗
;212, V

∗
;223 = V ∗

;232 = V ∗
;322, V

∗
;331 = V ∗

;133 = V ∗
;313, and

V ∗
;332 = V ∗

;233 = V ∗
;323 due to the symmetry of the physical

components of third-order potential gradients. V ∗
;111, V

∗
;112,

V ∗
;113, V

∗
;123, V

∗
;221, V

∗
;222 V

∗
;223, V

∗
;331, V

∗
;332, and V

∗
;333 are ten

defining physical components of third-order potential gradi-

ents for the transformed coordinate systems. h1, h2, and h3
are the metric scale factors for the transformed coordinate
systems. U1p, U2p, U3p, U1q , U2q , U3q , U1s , U2s , and U3s
are the components in the Jacobian matrix by taking the par-
tial derivatives of the transformed coordinate systems with
respect to the coordinate systems that one needs to convert to.
When omitting the metric scale factors in Eq. (9), it becomes
the general detailed expression for transformation of natural
components of third-order potential gradients between two
coordinate systems. In addition, Eq. (9) can be applied for
forward and inverse transformations.

2.4 Comparison of this study with previous work

Regarding the previous work of Casotto and Fantino (2009),
the general expressions for forward and inverse transforma-
tions of natural components of first-, second-, and third-order
potential gradients between the global and the local ref-
erence systems were presented in Eqs. (42–44) and Eqs.
(54–56), respectively. The general expressions for forward
and inverse transformations of physical components of first-
order potential gradients between the global and the local
reference systems were derived in Eqs. (47) and (58), respec-
tively. Afterward, the rotation matrix method was applied to
derive the detailed expressions for forward transformation
of physical components of first- and second-order potential
gradients from the global to the local reference systems in
Eqs. (48–53) and the inverse transformation from the local
to the global reference systems in Eqs. (59–60). However,
the general detailed expression for transformation of third-
order potential gradientswas not presentedbecause 3Darrays
could not be uniquely represented as 2D rotation matrices
(Casotto and Fantino 2009).

Based on the work of Casotto and Fantino (2009), this
study combines the forward and inverse transformations into
one expression,which can be applied to physical components
of first-, second-, and third-order potential gradients. The
reason is that both expressions for forward and inverse trans-
formations have similar characteristics and can be simplified
into one expression for transformation. In addition, this paper
derives the general detailed expressions for transformation of
physical components of first-, second-, and third-order poten-
tial gradients between two coordinate systems inEqs. (3), (6),
and (9), respectively. Based on these newly derived formu-

123

1st-order natural components:

1st-order physical components:
: metric scale factor

: Jacobian Matrix

hp

Up′￼p

5/14



Theory: Second- and Third-order Potential Gradients
2nd-order physical components:

V*;pq =
hp′￼

hp

hq′￼

hq

∂up′￼

∂up

∂uq′￼

∂uq
V*;p′￼q′￼

=
1

hphq

3

∑
p′￼=1

3

∑
q′￼=1

hp′￼hq′￼Up′￼pUq′￼qV*;p′￼q′￼

V*;pq =
1

hphq
[h2

1U1pU1qV*;11

+h1h2(U1pU2q + U2pU1q)V*;12

+h1h3(U1pU3q + U3pU1q)V*;13

+h2
2U2pU2qV*;22

+h2h3(U2pU3q + U3pU2q)V*;23

+h2
3U3pU3qV*;33]

3rd-order physical components:

V*;pqs =
hp′￼

hp

hq′￼

hq

hs′￼

hs

∂up′￼

∂up

∂uq′￼

∂uq

∂us′￼

∂us
V*;p′￼q′￼s′￼=

1
hphqhs

3

∑
p′￼=1

3

∑
q′￼=1

3

∑
s′￼=1

hp′￼hq′￼hs′￼Up′￼pUq′￼qUs′￼sV*;p′￼q′￼s′￼

V*;pqs =
1

hphqhs
[h3

1U1pU1qU1sV*;111

+h2
1 h2(U1pU1qU2s + U1pU2qU1s + U2pU1qU1s)V*;112

+h2
1 h3(U1pU1qU3s + U1pU3qU1s + U3pU1qU1s)V*;113

+h1h2h3(U1pU2qU3s + U1pU3qU2s + U2pU1qU3s

+U2pU3qU1s + U3pU1qU2s + U3pU2qU1s)V*;123

+h1h2
2(U1pU2qU2s + U2pU1qU2s + U2pU2qU1s)V*;221

+h3
2U2pU2qU2sV*;222

+h2
2 h3(U2pU2qU3s + U2pU3qU2s + U3pU2qU2s)V*;223

+h1h2
3(U1pU3qU3s + U3pU1qU3s + U3pU3qU1s)V*;331

+h2h2
3(U2pU3qU3s + U3pU2qU3s + U3pU3qU2s)V*;332

+h3
3U3pU3qU3sV*;333] 6/14



Theory: Coordinate Transformations among Three Coordinates
1. Cartesian ➔ Cylindrical

2. Cylindrical ➔ Cartesian

3. Cylindrical ➔ Spherical

4. Spherical ➔ Cylindrical

5. Spherical ➔ Cartesian

6. Cartesian ➔ Spherical
x = r cos λ
y = r sin λ
z = z

O

X

Y

Z

P

.

.

.
P'

P''.

r = x2 + y2

λ = arctan(y/x)
z = z

λ = λ
φ = arctan(z /r)

ρ = r2 + z2

r = ρ cos φ
λ = λ
z = ρ sin φ

λ = arctan(y/x)

φ = arcsin(z / x2 + y2 + z2)

ρ = x2 + y2 + z2

x = ρ cos φ cos λ
y = ρ cos φ sin λ
z = ρ sin φ

Cartesian

Cylindrical Sp
he
ric

al

1

2

3

4

5

6

Fig. 1 Three coordiante systems Fig. 2 Coordinate transformations 7/14



Theory: Jacobian Matrix for Cartesian ↔︎ Cylindrical
Jacobian Matrix for Cartesian ➔ Cylindrical

Upq =
∂(x, y, z)
∂(r, λ, z)

=
cos λ −r sin λ 0
sin λ r cos λ 0

0 0 1
=

x
x2 + y2

−y 0

y

x2 + y2
x 0

0 0 1

Jacobian Matrix for Cylindrical ➔ Cartesian

Upq =
∂(r, λ, z)
∂(x, y, z)

= ( ∂(x, y, z)
∂(r, λ, z) )

−1

=

x
x2 + y2

y

x2 + y2
0

− y
x2 + y2

x
x2 + y2 0

0 0 1

=
cos λ sin λ 0
− sin λ

r
cos λ

r 0
0 0 1
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Theory: Jacobian Matrix for Cylindrical ↔︎ Spherical
Jacobian Matrix for Cylindrical ➔ Spherical

Upq =
∂(r, λ, z)
∂(λ, φ, ρ)

=
0 −ρ sin φ cos φ
1 0 0
0 ρ cos φ sin φ

=

0 −z r

r2 + z2

1 0 0
0 r z

r2 + z2

Jacobian Matrix for Spherical ➔ Cylindrical

Upq =
∂(λ, φ, ρ)
∂(r, λ, z)

= ( ∂(r, λ, z)
∂(λ, φ, ρ) )

−1

=

0 1 0
− z

r2 + z2 0 r
r2 + z2

r

r2 + z2
0 z

r2 + z2

=

0 1 0
− sin φ

ρ 0 cos φ
ρ

cos φ 0 sin φ
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Theory: Jacobian Matrix for Spherical ↔︎ Cartesian
Jacobian Matrix for Spherical ➔ Cartesian

Upq =
∂(λ, φ, ρ)
∂(x, y, z)

=

− y
x2 + y2

x
x2 + y2 0

− xz

(x2 + y2 + z2) x2 + y2
− yz

(x2 + y2 + z2) x2 + y2

x2 + y2

x2 + y2 + z2

x
x2 + y2 + z2

y

x2 + y2 + z2

z

x2 + y2 + z2

=

− sin λ
ρ cos φ

cos λ
ρ cos φ 0

− sin φ cos λ
ρ − sin φ sin λ

ρ
cos φ

ρ

cos φ cos λ cos φ sin λ sin φ

Jacobian Matrix for Cartesian ➔ Spherical

Upq =
∂(x, y, z)
∂(λ, φ, ρ)

= ( ∂(λ, φ, ρ)
∂(x, y, z) )

−1

=
−ρ cos φ sin λ −ρ sin φ cos λ cos φ cos λ
ρ cos φ cos λ −ρ sin φ sin λ cos φ sin λ

0 ρ cos φ sin φ
=

−y − xz

x2 + y2

x
x2 + y2 + z2

x − yz

x2 + y2

y

x2 + y2 + z2

0 x2 + y2 z

x2 + y2 + z2
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Theory: 1st-, 2nd-, and 3rd-order Physcial Components Formulas
After substituting the Jacobian matrices and metric scale factors into general formulas, detailed formulas 
among Cartesian, cylindrical, and spherical coordinates are obtained; see Tables 3-15 of Deng & Sneeuw 
(2026).

Self-consistent transformation of first-, second-, and third-order potential gradients… Page 15 of 25 10

Table 8 Expressions for physical components of first-, second-, and third-order potential gradients from cylindrical coordinates (V ∗
a , V

∗
ab, and V

∗
abc

with a, b, c = r , λ, z) to spherical coordinates (V ∗
α , V

∗
αβ , and V ∗

αβγ with α,β, γ = λ,ϕ, ρ) represented by the trigonometric form of ϕ

Expression

V ∗
λ = V ∗

λ

V ∗
ϕ = − sin ϕV ∗

r + cosϕV ∗
z

V ∗
ρ = cosϕV ∗

r + sin ϕV ∗
z

V ∗
λλ = V ∗

λλ

V ∗
λϕ = − sin ϕV ∗

rλ + cosϕV ∗
λz

V ∗
λρ = cosϕV ∗

rλ + sin ϕV ∗
λz

V ∗
ϕϕ = sin2 ϕV ∗

rr − sin 2ϕV ∗
r z + cos2 ϕV ∗

zz

V ∗
ϕρ = − sin ϕ cosϕV ∗

rr + cos 2ϕV ∗
r z + sin ϕ cosϕV ∗

zz

V ∗
ρρ = cos2 ϕV ∗

rr + sin 2ϕV ∗
r z + sin2 ϕV ∗

zz

V ∗
λλλ = V ∗

λλλ

V ∗
λλϕ = − sin ϕV ∗

λλr + cosϕV ∗
λλz

V ∗
λλρ = cosϕV ∗

λλr + sin ϕV ∗
λλz

V ∗
λϕρ = − sin ϕ cosϕV ∗

rrλ + cos 2ϕV ∗
rλz + sin ϕ cosϕV ∗

zzλ

V ∗
ϕϕλ = sin2 ϕV ∗

rrλ − sin 2ϕV ∗
rλz + cos2 ϕV ∗

zzλ

V ∗
ϕϕϕ = − sin3 ϕV ∗

rrr + 3 sin2 ϕ cosϕV ∗
rr z − 3 sin ϕ cos2 ϕV ∗

zzr + cos3 ϕV ∗
zzz

V ∗
ϕϕρ = sin2 ϕ cosϕV ∗

rrr + sin ϕ(sin2 ϕ − 2 cos2 ϕ)V ∗
rr z + cosϕ(cos2 ϕ − 2 sin2 ϕ)V ∗

zzr + sin ϕ cos2 ϕV ∗
zzz

V ∗
ρρλ = cos2 ϕV ∗

rrλ + sin 2ϕV ∗
rλz + sin2 ϕV ∗

zzλ

V ∗
ρρϕ = − sin ϕ cos2 ϕV ∗

rrr + cosϕ(cos2 ϕ − 2 sin2 ϕ)V ∗
rr z + sin ϕ(2 cos2 ϕ − sin2 ϕ)V ∗

zzr + sin2 ϕ cosϕV ∗
zzz

V ∗
ρρρ = cos3 ϕV ∗

rrr + 3 sin ϕ cos2 ϕV ∗
rr z + 3 sin2 ϕ cosϕV ∗

zzr + sin3 ϕV ∗
zzz

Table 9 Expressions for
physical components of first-,
second-, and third-order
potential gradients from
spherical coordinates (V ∗

α , V
∗
αβ ,

and V ∗
αβγ with

α,β, γ = λ,ϕ, ρ) to cylindrical
coordinates (V ∗

a , V
∗
ab, and V ∗

abc
with a, b, c = r , λ, z)
represented by the algebraic
form of r , z

Expression

V ∗
r = (−zV ∗

ϕ + rV ∗
ρ )/

√
r2 + z2

V ∗
λ = V ∗

λ

V ∗
z = (rV ∗

ϕ + zV ∗
ρ )/

√
r2 + z2

V ∗
rr = (z2V ∗

ϕϕ − 2r zV ∗
ϕρ + r2V ∗

ρρ)/(r
2 + z2)

V ∗
rλ = (−zV ∗

λϕ + rV ∗
λρ)/

√
r2 + z2

V ∗
r z = [−r zV ∗

ϕϕ + (r2 − z2)V ∗
ϕρ + r zV ∗

ρρ ]/(r2 + z2)

V ∗
λλ = V ∗

λλ

V ∗
λz = (rV ∗

λϕ + zV ∗
λρ)/

√
r2 + z2

V ∗
zz = (r2V ∗

ϕϕ + 2r zV ∗
ϕρ + z2V ∗

ρρ)/(r
2 + z2)

V ∗
rrr = (−z3V ∗

ϕϕϕ + 3r z2V ∗
ϕϕρ − 3r2zV ∗

ρρϕ + r3V ∗
ρρρ)/(r

2 + z2)3/2

V ∗
rrλ = (−2r zV ∗

λϕρ + z2V ∗
ϕϕλ + r2V ∗

ρρλ)/(r
2 + z2)

V ∗
rr z = [r z2V ∗

ϕϕϕ + z(z2 − 2r2)V ∗
ϕϕρ + r(r2 − 2z2)V ∗

ρρϕ + r2zV ∗
ρρρ ]/(r2 + z2)3/2

V ∗
rλz = [(r2 − z2)V ∗

λϕρ − r zV ∗
ϕϕλ + r zV ∗

ρρλ]/(r2 + z2)

V ∗
λλr = (−zV ∗

λλϕ + rV ∗
λλρ)/

√
r2 + z2

V ∗
λλλ = V ∗

λλλ

V ∗
λλz = (rV ∗

λλϕ + zV ∗
λλρ)/

√
r2 + z2

V ∗
zzr = [−r2zV ∗

ϕϕϕ + r(r2 − 2z2)V ∗
ϕϕρ + z(2r2 − z2)V ∗

ρρϕ + r z2V ∗
ρρρ ]/(r2 + z2)3/2

V ∗
zzλ = (2r zV ∗

λϕρ + r2V ∗
ϕϕλ + z2V ∗

ρρλ)/(r
2 + z2)

V ∗
zzz = (r3V ∗

ϕϕϕ + 3r2zV ∗
ϕϕρ + 3r z2V ∗

ρρϕ + z3V ∗
ρρρ)/(r

2 + z2)3/2

123
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Validation I: Laplace’s Equation
Laplace's equation can confirm the correctness of involved physical components of 2nd- and 3rd-order 
potential gradients.

Cartesian coordinates:

Cylindrical coordinates:

Spherical coordinates:

If these sums are zero, the corresponding transformed expressions are verified as correct.

V*xx + V*yy + V*zz = 0, V*xxx + V*yyx + V*zzx = 0, V*xxy + V*yyy + V*zzy = 0, V*xxz + V*yyz + V*zzz = 0

V*rr + V*λλ + V*zz = 0, V*rrr + V*λλr + V*zzr = 0, V*rrλ + V*λλλ + V*zzλ = 0, V*rrz + V*λλz + V*zzz = 0

V*λλ + V*φφ + V*ρρ = 0, V*λλλ + V*φφλ + V*ρρλ = 0, V*λλφ + V*φφφ + V*ρρφ = 0, V*λλρ + V*φφρ + V*ρρρ = 0

12/14



Validation II: Transformation Cycle Method

Principle: Potential gradients become themselves after a closed-loop transformation cycle among three 
coordinates.

10 Page 12 of 25 X.-L. Deng, N. Sneeuw

Table 2 Relations among the
represented forms, cycles with
different routes, and tables for
physical components of first-,
second-, and third-order
potential gradients in Cartesian,
cylindrical, and spherical
coordinates in Fig. 3

Represented form Coordinate Cycle Table

Algebraic x, y, z Cartesian Routes 1 → 3 → 5 Table 3 → Table 7 → Tables 11, 12

Cartesian Routes 6 → 4 → 2 Table 14 → Table 9 → Table 5

Cylindrical Routes 3 → 5 → 1 Table 7 → Tables 11, 12 → Table 3

Cylindrical Routes 2 → 6 → 4 Table 5 → Table 14 → Table 9

Spherical Routes 5 → 1 → 3 Tables 11, 12 → Table 3 → Table 7

Spherical Routes 4 → 2 → 6 Table 9 → Table 5 → Table 14

Trigonometric λ,ϕ Cartesian Routes 1 → 3 → 5 Table 4 → Table 8 → Table 13

Cartesian Routes 6 → 4 → 2 Table 15 → Table 10 → Table 6

Cylindrical Routes 3 → 5 → 1 Table 8 → Table 13 → Table 4

Cylindrical Routes 2 → 6 → 4 Table 6 → Table 15 → Table 10

Spherical Routes 5 → 1 → 3 Table 13 → Table 4 → Table 8

Spherical Routes 4 → 2 → 6 Table 10 → Table 6 → Table 15

Deng and Sneeuw 2023; Deng 2023, 2025) in the gravity
field and magnetic potential gradients (Du et al. 2015; Deng
et al. 2020) in the magnetic field. In addition, the proposed
transformation cycle method in Sect. 4.2 can be adopted to
validate all expressions for transformation of potential gradi-
ents among different coordinate systems with the condition
that the components of the potential gradients become them-
selves with the closed-loop transformation cycle.

Appendix A Tables of expressions for physi-
cal components of first-, second-, and third-
order potential gradients among Cartesian,
cylindrical, and spherical coordinates

Tables 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14 and 15.

Table 3 Expressions for physical components of first-, second-, and
third-order potential gradients fromCartesian coordinates (V ∗

i , V
∗
i j , and

V ∗
i jk with i, j, k = x, y, z) to cylindrical coordinates (V ∗

a , V
∗
ab, and V

∗
abc

with a, b, c = r , λ, z) represented by the algebraic form of x, y

Expression

V ∗
r = (xV ∗

x + yV ∗
y )/

√
x2 + y2

V ∗
λ = (−yV ∗

x + xV ∗
y )/

√
x2 + y2

V ∗
z = V ∗

z

V ∗
rr = (x2V ∗

xx + 2xyV ∗
xy + y2V ∗

yy)/(x
2 + y2)

V ∗
rλ = [−xyV ∗

xx + (x2 − y2)V ∗
xy + xyV ∗

yy]/(x2 + y2)

V ∗
r z = (xV ∗

xz + yV ∗
yz)/

√
x2 + y2

V ∗
λλ = (y2V ∗

xx − 2xyV ∗
xy + x2V ∗

yy)/(x
2 + y2)

V ∗
λz = (−yV ∗

xz + xV ∗
yz)/

√
x2 + y2

V ∗
zz = V ∗

zz

V ∗
rrr = (x3V ∗

xxx + 3x2yV ∗
xxy + 3xy2V ∗

yyx + y3V ∗
yyy)/(x

2 + y2)3/2

V ∗
rrλ = [−x2yV ∗

xxx + x(x2 − 2y2)V ∗
xxy +

y(2x2−y2)V ∗
yyx+xy2V ∗

yyy]/(x2+y2)3/2

V ∗
rr z = (x2V ∗

xxz + 2xyV ∗
xyz + y2V ∗

yyz)/(x
2 + y2)

V ∗
rλz = [−xyV ∗

xxz + (x2 − y2)V ∗
xyz + xyV ∗

yyz]/(x2 + y2)

V ∗
λλr =
[xy2V ∗

xxx + y(y2 − 2x2)V ∗
xxy + x(x2 −

2y2)V ∗
yyx + x2yV ∗

yyy]/(x2 + y2)3/2

V ∗
λλλ = (−y3V ∗

xxx + 3xy2V ∗
xxy − 3x2yV ∗

yyx + x3V ∗
yyy)/(x

2 + y2)3/2

V ∗
λλz = (y2V ∗

xxz − 2xyV ∗
xyz + x2V ∗

yyz)/(x
2 + y2)

V ∗
zzr = (xV ∗

zzx + yV ∗
zzy)/

√
x2 + y2

V ∗
zzλ = (−yV ∗

zzx + xV ∗
zzy)/

√
x2 + y2

V ∗
zzz = V ∗

zzz
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Fig. 3 Transformations of potential gradients
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Conclusions and outlook

1. General detailed expressions for 1st-, 2nd-, and 3rd-order potential gradients transformations 
between any two coordinate systems are provided. 

2. Direct expansion method (v.s. rotation matrix method) — systematic, general framework for all orders 
(1st, 2nd, and 3rd) between any two coordinates. 

3. Complete transformations of 1st-, 2nd-, and 3rd-order potential gradients among Cartesian, 
cylindrical, and spherical coordinates are derived. 

4. All derived expressions are validated as correct by the proposed transformation cycle method. 
5. The derived epxressions can be applied to the potential gradients transformations for arbitrary two 

different coordinates.
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Thank you for your attention！
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